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Betelgeuse is a red supergiant
star, one of the largest and
brightest of the observable
stars. In the project on

page 823 you are asked to
compare the radiation
emitted by Betelgeuse with
that of other stars.

Infinite Sequences and Series

STScl / NASA / ESA / Galaxy / Galaxy Picture Library / Alamy

INFINITE SEQUENCES AND SERIES WERE introduced briefly in A Preview of Calculus in con-
nection with Zeno’s paradoxes and the decimal representation of numbers. Their importance
in calculus stems from Newton’s idea of representing functions as sums of infinite series. For
instance, in finding areas he often integrated a function by first expressing it as a series and then
integrating each term of the series. We will pursue his idea in Section 11.10 in order to integrate
such functions as ¢ ™. (Recall that we have previously been unable to do this.) Many of the func-
tions that arise in mathematical physics and chemistry, such as Bessel functions, are defined as
sums of series, so it is important to be familiar with the basic concepts of convergence of infinite
sequences and series.

Physicists also use series in another way, as we will see in Section 11.11. In studying fields as
diverse as optics, special relativity, and electromagnetism, they analyze phenomena by replacing
a function with the first few terms in the series that represents it.

733
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734 CHAPTER 11 Infinite Sequences and Series

11.1 Sequences

(a) {
o

A sequence can be thought of as a list of numbers written in a definite order:
ay, dz, Az, A4, ..., Ap, ...

The number a; is called the first term, a, is the second term, and in general a, is the nth
term. We will deal exclusively with infinite sequences and so each term a, will have a
SUCCESSOT Uy 1.

Notice that for every positive integer n there is a corresponding number a, and so a
sequence can be defined as a function whose domain is the set of positive integers. But
we usually write a, instead of the function notation f(n) for the value of the function at
the number n.

NOTATION The sequence {a, a», as, . . .} is also denoted by

{a.} or {a,}n=1

EXAMPLE 1 Some sequences can be defined by giving a formula for the nth term. In
the following examples we give three descriptions of the sequence: one by using the
preceding notation, another by using the defining formula, and a third by writing out
the terms of the sequence. Notice that n doesn’t have to start at 1.

n_ | __n 1234 n
ntl T 2°3°4°5 1

n=1

311

(—1)”(n+1)} Dt { 23 4 5 (—1)'(n + 1) }
L ,1——3,1 —?,a,—E,a,...,T,...

(©) {\/n—3}::3 a,=+n—3,n=73 {O,I,ﬁ,ﬁ,...,\/n—&...}

6

nmw |~ nir 31 nir
cos — a,=cos—, n=0 1’7’5’0"“’005_"” [ |

EXAMPLE 2 Find a formula for the general term a, of the sequence

3 4 5 6 7
57 2571257 6257312577

assuming that the pattern of the first few terms continues.

SOLUTION We are given that

4 _5 __.6 _ 7
25 P T s T Tes T 3005

3
a, = — a, =
5
Notice that the numerators of these fractions start with 3 and increase by 1 whenever
we go to the next term. The second term has numerator 4, the third term has numer-
ator 5; in general, the nth term will have numerator n + 2. The denominators are the
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SECTION 11.1 Sequences 735

powers of 5, so a, has denominator 5". The signs of the terms are alternately positive
and negative, so we need to multiply by a power of —1. In Example 1(b) the factor
(—1)" meant we started with a negative term. Here we want to start with a positive term
and so we use (—1)" ' or (—1)"*!. Therefore

n+2
57[

a, = (—1)""

EXAMPLE 3 Here are some sequences that don’t have a simple defining equation.
(a) The sequence {p,}, where p, is the population of the world as of January 1 in the
year n.

(b) If we let a, be the digit in the nth decimal place of the number e, then {a,} is a
well-defined sequence whose first few terms are

{7,1,8,2,8,1,8,2,8,4,5,...}
(¢) The Fibonacci sequence {f,} is defined recursively by the conditions
=1 f=1 o =Jo1 T fue2 n=3
Each term is the sum of the two preceding terms. The first few terms are
{1,1,2,3,5,8,13,21, ...}

This sequence arose when the 13th-century Italian mathematician known as Fibonacci
solved a problem concerning the breeding of rabbits (see Exercise §3). |

A sequence such as the one in Example 1(a), a, = n/(n + 1), can be pictured either
by plotting its terms on a number line, as in Figure 1, or by plotting its graph, as in Fig-
ure 2. Note that, since a sequence is a function whose domain is the set of positive inte-
gers, its graph consists of isolated points with coordinates

(1, a) (2, a») (3, as3) o (n, a,)

From Figure 1 or Figure 2 it appears that the terms of the sequence a, = n/(n + 1)
are approaching 1 as n becomes large. In fact, the difference

can be made as small as we like by taking n sufficiently large. We indicate this by writing

lim —— =1
n—on + 1

In general, the notation

lim a, =L

n—o

means that the terms of the sequence {a, } approach L as n becomes large. Notice that the
following definition of the limit of a sequence is very similar to the definition of a limit
of a function at infinity given in Section 3.4.
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736 CHAPTER 11 Infinite Sequences and Series

E] Definition A sequence {a,} has the limit L and we write

lim a, =L or a,— L as n—»

n—o

if we can make the terms a, as close to L as we like by taking n sufficiently large.
If lim, .. a, exists, we say the sequence converges (or is convergent). Otherwise,

we say the sequence diverges (or is divergent).

Figure 3 illustrates Definition 1 by showing the graphs of two sequences that have
the limit L.

aﬂ a”l
L L
FIGURE 3
Graphs of two
sequences with
lim a, = L 0 n 0 n

Compare this definition with
Definition 3.4.5.

FIGURE 4

FIGURE 5

A more precise version of Definition 1 is as follows.

@ Definition A sequence {a,} has the limit L and we write

lim a, =L or a,— L as n—»

n—oo

if for every € > 0 there is a corresponding integer N such that

if n>N  then la, — L| <e

Definition 2 is illustrated by Figure 4, in which the terms a1, a, as, . . . are plotted on
a number line. No matter how small an interval (L — &, L + &) is chosen, there exists an
N such that all terms of the sequence from ay; onward must lie in that interval.

a, as 4 ag ay+1 An+2 ag  dg 0 ay a;

. . . . \ o . . . .

L
L
L
L
| ~

]
e L L+e

Another illustration of Definition 2 is given in Figure 5. The points on the graph of
{a,} must lie between the horizontal lines y = L + ¢ and y = L — ¢ if n > N. This
picture must be valid no matter how small € is chosen, but usually a smaller & requires
a larger N.

y

y=L+e¢
L

y=L—¢
0) 1234 N n
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SECTION 11.1 Sequences 737

If you compare Definition 2 with Definition 3.4.5, you will see that the only differ-
ence between lim, ... a, = L and lim,_... f(x) = L is that n is required to be an integer.
Thus we have the following theorem, which is illustrated by Figure 6.

(3] Theorem Iflim,_.. f(x) = L and f(n) = a, when n is an integer, then
lim, - a, = L.

, -
INEEy :
FIGURE 6

In particular, since we know that lim,_... (1/x”) = 0 when r > 0 (Theorem 3.4.4),
we have

1
@ lim —=20 if r>0
n—" n
If a, becomes large as n becomes large, we use the notation lim, ... a, = %. The fol-
lowing precise definition is similar to Definition 3.4.7.

E] Definition lim,_... a, = % means that for every positive number M there is an
integer N such that

if n>N then a, > M

If lim, . a, = o, then the sequence {a,} is divergent but in a special way. We say
that {a, } diverges to .

The Limit Laws given in Section 1.6 also hold for the limits of sequences and their
proofs are similar.

Limit Laws for Sequences If {a,} and {b,} are convergent sequences and c is a constant, then

lim (a, + b,) = lim a, + lim b,

n—ow

lim (a, — by) = lim a, — lim b,

n—®

lim ca, = ¢ lim a, lim ¢c=c¢

n—o n—o n—o

lim (a,b,) = lim a, - lim b,
n—o n—o n—o

4 lim a,
. n n—>® . .
lim = — if im b, # 0
n—x b, lim b, n—c
n—ow

lima? = [lim a,,}” if p>0anda, >0

n—®
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738 CHAPTER 11 Infinite Sequences and Series

The Squeeze Theorem can also be adapted for sequences as follows (see Figure 7).

n—o n—o n—o

Squeeze Theorem for Sequences Ifa, < b, < ¢, forn = ngand lim a, = lim ¢, = L, then lim b, = L.

Another useful fact about limits of sequences is given by the following theorem,
LG whose proof is left as Exercise 87.
by '.:,.:1”5“““' (6] Theorem If lim |a,| = 0, then lim a, = 0.
tay
0 n EXAMPLE 4 Find lim .
n—» p + 1
FIGURE 7 SOLUTION The method is similar to the one we used in Section 3.4: Divide numerator
The sequence {b,} is squeezed and denominator by the highest power of n that occurs in the denominator and then use
between the sequences {a, } the Limit Laws.
d{c,}. .
and {e,} : lim 1
lim = lim = =

—on + 1 —> % . . 1

! ! 1+ — lim1 + lim —
n n—o n—x n

This shows that the guess we made ear- 1

lier from Figures 1 and 2 was correct. 1+0

Here we used Equation 4 with r = 1. |

EXAMPLE 5 Ts the sequence a, = # convergent or divergent?
n

SOLUTION As in Example 4, we divide numerator and denominator by n:

. n . 1
Im —/—/]/8—— = lim —F—— =
n—» /10 + n n—>ce 10 1

Vlz n

because the numerator is constant and the denominator approaches 0. So {a,} is
divergent. |

1
EXAMPLE 6 Calculate lim ——.
n—ow n
SOLUTION Notice that both numerator and denominator approach infinity as n — .
We can’t apply 1’Hospital’s Rule directly because it applies not to sequences but to
functions of a real variable. However, we can apply I’Hospital’s Rule to the related
function f(x) = (In x)/x and obtain

I§ 1
lim 5 X g
x—w X xX—® 1
Therefore, by Theorem 3, we have
Inn
lim =0 |

Copyright 2016 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s).
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it.



FIGURE 8

The graph of the sequence in Example 8
is shown in Figure 9 and supports our
answer.

n

10

71<> .

FIGURE 9

Creating Graphs of Sequences

Some computer algebra systems have
special commands that enable us to cre-
ate sequences and graph them directly.
With most graphing calculators, how-
ever, sequences can be graphed by using
parametric equations. For instance, the
sequence in Example 10 can be graphed
by entering the parametric equations

y =1/t

and graphing in dot mode, starting with
t = 1 and setting the 7-step equal to 1.
The result is shown in Figure 10.

xX=1

1

0 10

FIGURE 10

SECTION 11.1 Sequences 739

EXAMPLE 7 Determine whether the sequence a, = (—1)" is convergent or divergent.

SOLUTION If we write out the terms of the sequence, we obtain

{_1’ 1, _15 17 _1, 1, _1, }

The graph of this sequence is shown in Figure 8. Since the terms oscillate between 1
and — 1 infinitely often, a, does not approach any number. Thus lim, . (—1)" does not
exist; that is, the sequence {(—1)"} is divergent. [ ]

n

EXAMPLE 8 Evaluate lim

if it exists.

n—o n
SOLUTION We first calculate the limit of the absolute value:
—1)" 1
lim =D =Ilm—=0
n—o n n—o n
Therefore, by Theorem 6,
— 1 n
lim =D =0 |
n—o n

The following theorem says that if we apply a continuous function to the terms of a
convergent sequence, the result is also convergent. The proof is left as Exercise 88.

Theorem If lim a, = L and the function f is continuous at L, then
n—ow

lim f(a) = £(0)

EXAMPLE 9 Find lim sin(w/n).

SOLUTION Because the sine function is continuous at O, Theorem 7 enables us to write
lim sin(mr/n) = sin<lim (7T/I’l)> =sin0=0 [ ]
n—o n— 0

EXAMPLE 10 Discuss the convergence of the sequence a, = n!/n", where
nn=1-2-3-----n.

SOLUTION Both numerator and denominator approach infinity as n — o but here we
have no corresponding function for use with I’Hospital’s Rule (x! is not defined when x
is not an integer). Let’s write out a few terms to get a feeling for what happens to a, as
n gets large:

—_

1-2
a = — =

-1
a 2.2

G333

a, =

It appears from these expressions and the graph in Figure 10 that the terms are decreas-
ing and perhaps approach 0. To confirm this, observe from Equation 8 that

1(2'3""'11)
a,=—|—=

n-n
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FIGURE 11
The sequence a, = r"

Notice that the expression in parentheses is at most 1 because the numerator is less
than (or equal to) the denominator. So

1
0<a,=—
n

We know that 1/n — 0 as n — . Therefore a, — 0 as n — % by the Squeeze Theorem.
|
EXAMPLE 11 For what values of r is the sequence {r"} convergent?

SOLUTION We know from Section 3.4 and the graphs of the exponential functions in
Section 6.2 (or Section 6.4*) that lim,_...a* = % fora > 1 and lim,_...a* = 0 for
0 < a < 1. Therefore, putting @ = r and using Theorem 3, we have

. o if r>1
lim r" = .
n—o0 0 ifo<r<i

It is obvious that

Iim 1"=1 and lim 0" =

If =1 <r<0,then0 <|r| <1,so0

lim |r"| = lim |r|" =0
fras

n—o

and therefore lim, ... 7" = 0 by Theorem 6. If r < —1, then {r"} diverges as in
Example 7. Figure 11 shows the graphs for various values of r. (The case r = —1 is
shown in Figure 8.)

aﬂ aﬂ
r>1,

LN —1<r<0

0 1 ) n I'<*l .

The results of Example 11 are summarized for future use as follows.

E] The sequence {r"} is convergent if —1 < r < 1 and divergent for all other
values of r.

n=

lim r

n—ow

0 if —1<r<1
1 ifr=1

Definition A sequence {a,} is called increasing if a, < a,., foralln = 1,
thatis, a; < a < a3 < ---. Itis called decreasing if a, > a,., foralln = 1.
A sequence is monotonic if it is either increasing or decreasing.
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The right side is smaller because it has
a larger denominator.

SECTION 11.1 Sequences 741

} is decreasing because

EXAMPLE 12 The sequence {

n

3 3 .3
n+5 m+1)+5 n+6

and soa, > a,+ foralln = 1. |

EXAMPLE 13 Show that the sequence a, = ZL is decreasing.
n

+1
SOLUTION 1 We must show that a,+; < a,, that is,

n+1 - n
m+1)2+1 n+1

This inequality is equivalent to the one we get by cross-multiplication:

n+1 - n
m+1)2+1 n*+1

& m+DEP+ D) <nl(n+ 1)+ 1]

& Wttt 1 <nd+ 202+ 2n
& 1<n?+n

Since n = 1, we know that the inequality n> + n > 1 is true. Therefore a,+; < a, and
so {a,} is decreasing.

SOLUTION 2 Consider the function f(x) = %1:
X
, x2+ 1 — 2x? 1 —x*
') = @+ 1) = &+ 1) <0  whenever x> > 1

Thus f is decreasing on (1, ) and so f(n) > f(n + 1). Therefore {a,} is decreasing. W

(11) Definition A sequence {a, } is bounded above if there is a number M
such that

a, =M foralln = 1
It is bounded below if there is a number m such that
m<a, foralln = 1

If it is bounded above and below, then {a, } is a bounded sequence.

For instance, the sequence a, = n is bounded below (@, > 0) but not above. The
sequence a, = n/(n + 1) is bounded because 0 < a, < 1 for all n.

We know that not every bounded sequence is convergent [for instance, the sequence
a, = (—1)" satisfies —1 < a, < 1 but is divergent from Example 7] and not every
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FIGURE 12

monotonic sequence is convergent (a, = n — ). But if a sequence is both bounded and
monotonic, then it must be convergent. This fact is proved as Theorem 12, but intuitively
you can understand why it is true by looking at Figure 12. If {a,} is increasing and
a, < M for all n, then the terms are forced to crowd together and approach some num-
ber L.

0[123 n

The proof of Theorem 12 is based on the Completeness Axiom for the set R of real
numbers, which says that if S is a nonempty set of real numbers that has an upper bound
M (x < M for all x in §), then S has a least upper bound b. (This means that b is an
upper bound for S, but if M is any other upper bound, then b < M.) The Completeness
Axiom is an expression of the fact that there is no gap or hole in the real number line.

@ Monotonic Sequence Theorem Every bounded, monotonic sequence is
convergent.

PROOF Suppose {a,} is an increasing sequence. Since {a,} is bounded, the set

S = {a, | n = 1} has an upper bound. By the Completeness Axiom it has a least upper
bound L. Given € > 0, L — & is not an upper bound for S (since L is the least upper
bound). Therefore

ay>L — ¢ for some integer N

But the sequence is increasing so a, = ay for every n > N. Thus if n > N, we have

a,>L — ¢
SO O0sL—-a,<e
since a, < L. Thus
|L —a,|<e  whenever n >N
so lim, . a, = L.
A similar proof (using the greatest lower bound) works if {a,} is decreasing. |

The proof of Theorem 12 shows that a sequence that is increasing and bounded above
is convergent. (Likewise, a decreasing sequence that is bounded below is convergent.)
This fact is used many times in dealing with infinite series.
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EXAMPLE 14 Investigate the sequence {a,} defined by the recurrence relation
a =2 apir = 3(a, + 6) forn=1,2,3,...

SOLUTION We begin by computing the first several terms:

a =2 a,=%2+6)=4 as=%(4+6)=5
a;=%(5+6)=55 as=15.75 as = 5.875
a; = 5.9375 as = 5.96875 as = 5.984375

These initial terms suggest that the sequence is increasing and the terms are approach-
Mathematical induction is often used in  ing 6. To confirm that the sequence is increasing, we use mathematical induction to
dealing with recursive sequences. See show that a,+; > a, for all n = 1. This is true for n = 1 because a, = 4 > a,. If we

page 99 for a discussion of the Principle  assume that it is true for n = k, then we have
of Mathematical Induction.

Ap+1 > Ay
SO a1 +6>a,+ 6
and Hager + 6) > 5(ax + 6)
Thus A+2 = At

We have deduced that a,+1 > a, is true for n = k + 1. Therefore the inequality is true
for all n by induction.

Next we verify that {a, } is bounded by showing that a, < 6 for all n. (Since the
sequence is increasing, we already know that it has a lower bound: a, = a, = 2 for
all n.) We know that a; < 6, so the assertion is true for n = 1. Suppose it is true for

n = k. Then
ar <6
N ag+ 6 <12
and Nar+6) <112 =6
Thus a1 < 6

This shows, by mathematical induction, that a, < 6 for all n.

Since the sequence {a,} is increasing and bounded, Theorem 12 guarantees that it
has a limit. The theorem doesn’t tell us what the value of the limit is. But now that we
know L = lim, . a, exists, we can use the given recurrence relation to write

lim a,+; = lim §(a, + 6) = %(ﬁm a, + 6) =5(L + 6)

A proof of this fact is requested in Since a, — L, it follows that a,+; — L too (as n — o, n + 1 — o also). So we have
Exercise 70.
L=3(L+6)
Solving this equation for L, we get L = 6, as we predicted. |
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11.1 EXERCISES

1. (a) Whatis a sequence? 23-56 Determine whether the sequence converges or diverges.
(b) What does it mean to say that lim, ... a, = 8? If it converges, find the limit.
i i = 09
(c) What does it mean to say that lim, ... a, = %7 3+ 5p2 3+ 5p2
: . 23. a, = —— 24, q, = ——
2. (a) Whatis a convergent sequence? Give two examples. n+n L+n
(b) What is a divergent sequence? Give two examples. .
. 25. 4, = ——— 26. a, =2 + (0.86)"
3-12 List the first five terms of the sequence. n’ —2n
2" 2 3n
3. a,= 4 a,— - 27. a, =37 28, 4y — "
2n + 1 n®+1 Jn +2
(_ 1)”71 ni n
5. q,= ——— 6. a, = cos — s 4
" 29. a, = v 30. a, =
> 2 e “ 1 +09"
1 (=1"n

7.a,= ——— 8. a,=
" + 1! "ol 41 1+ 4n?
(n+1) " 31. a, = 7@ 32. a, = cos| —=
l+n n+1

9. a =1, a,-1 =5a,—3

a 33. g, = — 34, g, = V0"

10. a1 =6, ap. = — Vnd + 4n
n

11. a; = 2, ap+1 — 1 _T_" 35, a, = (_l)n 36. a, = (_1)n+]n
an n+ \/;

12. a1 =2, ar=1, ap1=a, = 2n — 1)! Inn
p{Eom) e

In2n

13-18 Find a formula for the general term a, of the sequence,

-1
assuming that the pattern of the first few terms continues. 39. {sinn} 40. a, = tan_n
n
11111

13. 5,1,g,§,m,...}

4. {n’e "} 42. a,=In(n+ 1) —Inn
14 {4,-1,4,—% & .}

8. ap = 57 a4, q, = Y27
15. {-3,2,-4,5 -5, ...} B Y s
16. {5,8,11,14,17,..} 45. a, = n sin(1/n) 46. a, = 2 "cos nm

149 1625 2\ _
7 {n R 47.a,,=<1+) 48. a, = in
n

18. {1,0,—1,0,1,0,—1,0,...}

49, g, = In(2n*> + 1) — In(n* + 1)
19-22 Calculate, to four decimal places, the first ten terms of the (Inn)*
sequence and use them to plot the graph of the sequence by hand. 50. a, = n
Does the sequence appear to have a limit? If so, calculate it. If not,
explain why. 51. a, = arctan(In n)
19. a, = 3n 20.an:2+ﬂ 5. a,=n—+n+1yn+3

1+ 6n n
. 10" 53. {0,1,0,0,1,0,0,0,1,...}
2. a, =1+ (-}) 2 a,=1+;
11111111
54. {T,gsiz,g,g,z,g,-.-}
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n! (=3)
55. a,= — 56. a, =
2" n!

57-63 Use a graph of the sequence to decide whether the
sequence is convergent or divergent. If the sequence is conver-
gent, guess the value of the limit from the graph and then prove
your guess. (See the margin note on page 739 for advice on
graphing sequences.)

sinn

n
57. a,= (—1)'—— 58. a, =
n+1

2
59. a,= arctan<2n+4> 60. a, = /3" + 5
n

n’cosn
61. a,= ——
1+n
1.3.5.....2_1
62. a, = (2n )
n!
1-3:5----2n—1)
63. a, =
(2}’1)"

64. (a) Determine whether the sequence defined as follows is
convergent or divergent:

a =1 a1 =4 — a, forn =1
(b) What happens if the first term is a;, = 2?

65. If $1000 is invested at 6% interest, compounded annually,
then after n years the investment is worth a, = 1000(1.06)"
dollars.

(a) Find the first five terms of the sequence {a,}.
(b) Is the sequence convergent or divergent? Explain.

66. If you deposit $100 at the end of every month into an
account that pays 3% interest per year compounded
monthly, the amount of interest accumulated after n months
is given by the sequence

L oo 100257~ 1
" 0.0025 "

(a) Find the first six terms of the sequence.
(b) How much interest will you have earned after two years?

67. A fish farmer has 5000 catfish in his pond. The number of
catfish increases by 8% per month and the farmer harvests
300 catfish per month.
(a) Show that the catfish population P, after » months is
given recursively by

P, = 1.08P,-; — 300 Py = 5000

(b) How many catfish are in the pond after six months?

68.

69.
70.

71.

SECTION 11.1 Sequences 745

Find the first 40 terms of the sequence defined by

%a,, if a,is an even number
Ap+1 = . .
3a, + 1 if a,is an odd number

and a; = 11. Do the same if a; = 25. Make a conjecture
about this type of sequence.

For what values of r is the sequence {nr"} convergent?
(a) If{a,} is convergent, show that

lim a,+; = lim a,
(b) A sequence {a,} is defined by @, = 1 and
a,+1 = 1/(1 + a,) forn = 1. Assuming that {a, } is
convergent, find its limit.

Suppose you know that {a, } is a decreasing sequence and
all its terms lie between the numbers 5 and 8. Explain why
the sequence has a limit. What can you say about the value
of the limit?

72-78 Determine whether the sequence is increasing, decreasing,
or not monotonic. Is the sequence bounded?

72. a, = cosn
73. ay = — 78, qy = "

SR P SR Y

—1)"
75. a, = n(—1)" 76. a, =2 +
n

77. a, =3 — 2ne™" 78. a,=n*—3n+3
79. Find the limit of the sequence

80.

81.

82.

V2222 .

A sequence {a, } is given by a1 = /2, a,i1 = 2 + a,.

(a) By induction or otherwise, show that {a,} is increasing
and bounded above by 3. Apply the Monotonic Sequence
Theorem to show that lim,,—... a, exists.

(b) Find lim, - a,.

Show that the sequence defined by

1
a =1 a1 =3 — —
ay
is increasing and a,, < 3 for all n. Deduce that {a, } is conver-
gent and find its limit.

Show that the sequence defined by
1

3 —a,

a, =2 An+1 =

satisfies 0 < a, =< 2 and is decreasing. Deduce that the
sequence is convergent and find its limit.
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83.

84.

85.

86.
87.
88.

89.

90.

CHAPTER 11 Infinite Sequences and Series

(a) Fibonacci posed the following problem: Suppose that
rabbits live forever and that every month each pair
produces a new pair which becomes productive at
age 2 months. If we start with one newborn pair, how
many pairs of rabbits will we have in the nth month?
Show that the answer is f,, where { f; } is the Fibonacci
sequence defined in Example 3(c).

(b) Let a, = f,+1/f, and show thata,_; = 1 + 1/a,-,.
Assuming that {a, } is convergent, find its limit.

(@) Leta, = a,a, = f(a), as = f(a2) = f(f(a)), ...,
a,+1 = f(a,), where f is a continuous function. If
lim, . a, = L, show that f(L) = L.

(b) Illustrate part (a) by taking f(x) = cos x, a = 1, and
estimating the value of L to five decimal places.

(a) Use a graph to guess the value of the limit

5
lim —
n—x nl
(b) Use a graph of the sequence in part (a) to find the
smallest values of N that correspond to € = (.1 and
& = 0.001 in Definition 2.

Use Definition 2 directly to prove that lim, ... r" = 0
when | r| < 1.

Prove Theorem 6.
[Hint: Use either Definition 2 or the Squeeze Theorem.]

Prove Theorem 7.

Prove that if lim, . a, = 0 and {b,} is bounded, then
lim, = (a,b,) = 0.

1 n
Leta, = <1 + > .
n

(a) Show thatif 0 < a < b, then

n+l1 n+l1
% < (n + l)b"
(b) Deduce that 5"[(n + 1)a — nb] < a™*".
(¢c) Usea=1+1/(n+ 1)and b = 1 + 1/nin part (b) to
show that {a, } is increasing.
(d) Usea = 1land b =1 + 1/(2n) in part (b) to show
that a,, < 4.
(e) Use parts (c) and (d) to show that a, < 4 for all n.

(f) Use Theorem 12 to show that lim, ... (I + 1/n)" exists.

(The limit is e. See Equation 6.4.9 or 6.4*.9.)

91. Let a and b be positive numbers with a > b. Let a, be their
arithmetic mean and b, their geometric mean:

b]z\/E

a+b
2

a; —
Repeat this process so that, in general,

bn-H = Vanbn

a, + b,
Ap+1 :T

(a) Use mathematical induction to show that
an > Ay > byr1 > by,

(b) Deduce that both {a,} and {b, } are convergent.

(¢) Show that lim, .. a, = lim, ... b,. Gauss called the
common value of these limits the arithmetic-geometric
mean of the numbers a and b.

92. (a) Show thatiflim, - a>, = Land lim, . ax,+1 = L,
then {a, } is convergent and lim, ... a, = L.
(b) Ifa, = 1 and
1
1+ a,

e =1+

find the first eight terms of the sequence {a, }. Then use
part (a) to show that lim, . a, = \/5 . This gives the
continued fraction expansion

U

1
24+ —
2 4.

93. The size of an undisturbed fish population has been modeled by

the formula

bp,
a+ p,

Pn+1 =

where p, is the fish population after n years and a and b are

positive constants that depend on the species and its environ-

ment. Suppose that the population in year 0 is po > 0.

(a) Show that if { p,} is convergent, then the only possible
values for its limit are 0 and b — a.

(b) Show that p,+; < (b/a)p..

(c) Use part (b) to show that if @ > b, then lim,, ... p, = 0;
in other words, the population dies out.

(d) Now assume that a < b. Show that if po < b — a, then
{p.}is increasing and 0 < p, < b — a. Show also that
if po > b — a, then {p,} is decreasing and p, > b — a.
Deduce that if @ < b, then lim, .. p, = b — a.
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[[H LOGISTIC SEQUENCES

11.2 Series

The current record for computing a
decimal approximation for = was
obtained by Shigeru Kondo and Alex-
ander Yee in 2011 and contains more
than 10 trillion decimal places.

A sequence that arises in ecology as a model for population growth is defined by the logistic
difference equation

Pn+1 = kp,,(l - pn)

where p, measures the size of the population of the nth generation of a single species. To keep
the numbers manageable, p, is a fraction of the maximal size of the population, so 0 < p, < 1.
Notice that the form of this equation is similar to the logistic differential equation in Section 9.4.
The discrete model—with sequences instead of continuous functions—is preferable for modeling
insect populations, where mating and death occur in a periodic fashion.

An ecologist is interested in predicting the size of the population as time goes on, and asks
these questions: Will it stabilize at a limiting value? Will it change in a cyclical fashion? Or will
it exhibit random behavior?

Write a program to compute the first  terms of this sequence starting with an initial pop-
ulation po, where 0 < p, < 1. Use this program to do the following.

1. Calculate 20 or 30 terms of the sequence for py = % and for two values of k such that
1 < k < 3. Graph each sequence. Do the sequences appear to converge? Repeat for a differ-
ent value of p, between 0 and 1. Does the limit depend on the choice of py? Does it depend on
the choice of k?

2. Calculate terms of the sequence for a value of k between 3 and 3.4 and plot them. What do
you notice about the behavior of the terms?

3. Experiment with values of k between 3.4 and 3.5. What happens to the terms?

4. For values of k between 3.6 and 4, compute and plot at least 100 terms and comment on the
behavior of the sequence. What happens if you change p, by 0.001? This type of behavior is
called chaotic and is exhibited by insect populations under certain conditions.

What do we mean when we express a number as an infinite decimal? For instance, what
does it mean to write

7 = 3.14159 26535 89793 23846 26433 83279 50288 . ..
The convention behind our decimal notation is that any number can be written as an infi-

nite sum. Here it means that

1 4 5
=3+ —+—+ - + + +—+
m 10 102 10°  10* © 10°  10° 107 ' 10°

+ ...

where the three dots (- - -) indicate that the sum continues forever, and the more terms we
add, the closer we get to the actual value of .

In general, if we try to add the terms of an infinite sequence {a, },—, we get an expres-
sion of the form

(1] a+ata+--+a +---

which is called an infinite series (or just a series) and is denoted, for short, by the symbol

> a, or  Xa,

n=1

Does it make sense to talk about the sum of infinitely many terms?
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n Sum of first n terms
1 0.50000000
2 0.75000000
3 0.87500000
4 0.93750000
5 0.96875000
6 0.98437500
7 0.99218750

10 0.99902344

15 0.99996948

20 0.99999905
25 0.99999997

It would be impossible to find a finite sum for the series
1+2+3+4+5+ - +n+---

because if we start adding the terms we get the cumulative sums 1, 3, 6, 10, 15, 21, . ..
and, after the nth term, we get n(n + 1)/2, which becomes very large as n increases.
However, if we start to add the terms of the series

1 1 1 1 1 1 1

— -+t —+ —F—F - —F

2 4 8 16 32 o4 2"
we get 5, %, %, % %, gi, ..., 1 —=1/2" ....The table shows that as we add more and
more terms, these partial sums become closer and closer to 1. (See also Figure 11 in
A Preview of Calculus, page 6.) In fact, by adding sufficiently many terms of the series
we can make the partial sums as close as we like to 1. So it seems reasonable to say that
the sum of this infinite series is 1 and to write

1 1
e I |
16 2"

+—+

“ 1 1 1 1
D i

We use a similar idea to determine whether or not a general series (1) has a sum. We
consider the partial sums

ST — a;

s, =a; + a
s3s=a; + a, + as

s¢s =a; ta, +az+ ay

and, in general,

sn=a.+a2+a3+-~~+an=2ai

These partial sums form a new sequence {s,}, which may or may not have a limit. If
lim, ... s, = s exists (as a finite number), then, as in the preceding example, we call it
the sum of the infinite series = a,,.

@ Definition Given a series 2,—1a, = a; + a» + a3 + - -, let s, denote its
nth partial sum:

=Ea,-=a1+a2+---+a,,
i=1

If the sequence {s, } is convergent and lim, .. s, = s exists as a real number, then
the series X a, is called convergent and we write

at+a+--+a +---=s or zanzs

The number s is called the sum of the series. If the sequence {s, } is divergent,
then the series is called divergent.
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Compare with the improper integral
f}“ F(x) dx = lim fl’ f(x) dx
11—

To find this integral we integrate from 1
to ¢ and then let t — o, For a series, we
sum from 1 to n and then let n — .

Figure 1 provides a geometric demon-
stration of the result in Example 2. If
the triangles are constructed as shown
and s is the sum of the series, then, by
similar triangles,

s a a
—_—=— SO s =
a a— ar 1—r
ar
ar
arZ
ar
a—ar ar
s
a a
a
FIGURE 1

SECTION 11.2 Series 749

Thus the sum of a series is the limit of the sequence of partial sums. So when we write
>, -1 a, = s, we mean that by adding sufficiently many terms of the series we can get as
close as we like to the number s. Notice that

© n
> a,= lim >, a;
n=1

o0 .
n—% =

EXAMPLE 1 Suppose we know that the sum of the first n terms of the series X, a, is

2n

S, =a+a +-+a,=-—""2
T 3n + 5

Then the sum of the series is the limit of the sequence {s, }:

li Jim —2" lim —2 2 n
, = lim s, = lim = lim = —
1 a n—ow § n—ow 3n + 5 V,Lw 3
3+ 2
n

Mg

n

In Example 1 we were given an expression for the sum of the first n terms, but it’s
usually not easy to find such an expression. In Example 2, however, we look at a famous
series for which we can find an explicit formula for s,,.

EXAMPLE 2 An important example of an infinite series is the geometric series
atar+arr+ar’+ - +a" '+ =Xar"  a#0
n=1

Each term is obtained from the preceding one by multiplying it by the common ratio r.
(We have already considered the special case where a = 5 and r = % on page 748.)
Ifr=1,thens,=a +a+ -+ a=na— *o. Since lim, . s, doesn’t exist,
the geometric series diverges in this case.
If » # 1, we have

ss=a+tar+ar’+- -+ ar"!
and rs, = ar+ar’>+ -+ ar”' + ar”
Subtracting these equations, we get

S, — rs,=a — ar”"

E] sza(l—r")

1 —r

If =1 <r <1, we know from (11.1.9) that r" — 0 as n — o, so

) Cooal =" a a . . a
lim s, = lim = — lim r" =
n—o n—e 1 —r 1—r 1 —rnoe 1—r

Thus when | r| < 1 the geometric series is convergent and its sumis a/(1 — r).
If » < —1 orr > 1, the sequence {r"} is divergent by (11.1.9) and so, by Equation 3,
lim, . s, does not exist. Therefore the geometric series diverges in those cases. |
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In words: The sum of a convergent
geometric series is

first term
1 — common ratio

What do we really mean when we say
that the sum of the series in Example 3
is 37 Of course, we can’t literally add
an infinite number of terms, one by
one. But, according to Definition 2,
the total sum is the limit of the sequence
of partial sums. So, by taking the sum
of sufficiently many terms, we can get
as close as we like to the number 3.
The table shows the first ten partial
sums s, and the graph in Figure 2
shows how the sequence of partial
sums approaches 3.

Another way to identify a and r is to
write out the first few terms:

4+ 484

We summarize the results of Example 2 as follows.

@ The geometric series

SQar"'=a+ar+a’+---

If | | = 1, the geometric series is divergent.

EXAMPLE 3 Find the sum of the geometric series

10 20 40
S—3to -yt

SOLUTION The first term is @ = 5 and the common ratio is r = —%. Since
|| =3 < 1, the series is convergent by (4) and its sum is
10 20 40 5 5
S5—-—+—-——+-  =——F—=2-=3 m
39 27 1-(-3) 3
Sn
n Sn
1 5.000000
2 1.666667
3 3.888889 34 e e e
4 2.407407 '
5 3.395062
6 2.736626
7 3.175583 %
8 2.882945 0 20 "
9 3.078037
10 2.947975
FIGURE 2

EXAMPLE 4 Ts the series >, 2%"3'™" convergent or divergent?

n=1
SOLUTION Let’s rewrite the nth term of the series in the form ar”"':
=g 5

2 22n3l—n — E (22)n3—(n—1) — 2
n=1

=1
n=1 n=1 3 n=1

We recognize this series as a geometric series with a = 4 and r = %. Since r > 1, the
series diverges by (4). |

EXAMPLE 5 A drug is administered to a patient at the same time every day. Suppose
the concentration of the drug is C, (measured in mg/mL) after the injection on the nth
day. Before the injection the next day, only 30% of the drug remains in the bloodstream
and the daily dose raises the concentration by 0.2 mg/mL.

(a) Find the concentration after three days.
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(b) What is the concentration after the nth dose?
(c) What is the limiting concentration?

SOLUTION

(a) Just before the daily dose of medication is administered, the concentration is
reduced to 30% of the preceding day’s concentration, that is, 0.3C,. With the new dose,
the concentration is increased by 0.2 mg/mL and so

C,1 =02+ 0.3C,
Starting with C, = 0 and putting n = 0, 1, 2 into this equation, we get
C,=02+03C =02
C, =02+ 0.3C, =0.2 + 0.2(0.3) = 0.26
C;=02+03C, =02+ 0.2(0.3) + 0.2(0.3)> = 0.278

The concentration after three days is 0.278 mg/mL.

(b) After the nth dose the concentration is
C,= 02+ 02(0.3) + 0.2(0.3)* + --- + 0.2(0.3)"""
This is a finite geometric series with @ = 0.2 and r = 0.3, so by Formula 3 we have

_02[1-(03)"] _2

Cn 1-03 7

[1 — (0.3)"] mg/mL
(c) Because 0.3 < 1, we know that lim,,_,,, (0.3)" = 0. So the limiting concentration is

2 2 2
lim C, = lim 7[1 - (0.3)"] = 7(1 - 0) = —mg/mL [ ]

n—ow 7
EXAMPLE 6 Write the number 2.317 = 2.3171717. . . as a ratio of integers.
SOLUTION
17 17 17

23171717... =23+ —+ —— + —
10° 10° 107

After the first term we have a geometric series with a = 17/10% and r = 1/10%

Therefore
17 17
— 10° 1000
2317=23+ ——=23+ ——
1 99
1 —— —
10 100

_23 ., 17 147
10 990 495

EXAMPLE 7 Find the sum of the series >, x", where | x| < 1.

n=0
SOLUTION Notice that this series starts with n = 0 and so the first term is x° = 1.
(With series, we adopt the convention that x” = 1 even when x = 0.)
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Module 11.2 explores a series
that depends on an angle 6 in a tri-
angle and enables you to see how
rapidly the series converges when 6
varies.

Notice that the terms cancel in pairs.
This is an example of a telescoping
sum: Because of all the cancellations,
the sum collapses (like a pirate’s col-
lapsing telescope) into just two terms.

Figure 3 illustrates Example 8 by show-
ing the graphs of the sequence of terms
a, = 1/[n(n + 1)] and the sequence
{s,} of partial sums. Notice that a, — 0
and s, — 1. See Exercises 78 and 79
for two geometric interpretations of
Example 8.

FIGURE 3

Thus
Sat=1l4+x+x>+x>+x*+---
n=0
This is a geometric series with a = 1 and r = x. Since | r| = | x| < 1, it converges
and (4) gives
: 1
(5] > X' = ]
n=0 1 - X
o 1
EXAMPLE 8 Show that the series >, (—+1) is convergent, and find its sum.
n=1 N\n
SOLUTION This is not a geometric series, so we go back to the definition of a conver-
gent series and compute the partial sums.
L 1 1 1 1 1
S = X T = + + o —
i+ 1) 1-2 23 3-4 nn + 1)
We can simplify this expression if we use the partial fraction decomposition
ot
ii +1) i i+1
(see Section 7.4). Thus we have
‘ 1 1 1
S"_,-zzl i+ 1) _,-_21<i i+1>
1
=|1- + - + - + oot -
n+1
1
=1-
n+1
. . 1
and so lims,=1m {1 — =1—-0=1
n—>oo n—>o n + 1
Therefore the given series is convergent and
S ! =1 ]
n=1 n(n + 1)
T
S s
{a,}
e EEE >

Infinite Sequences and Series
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EXAMPLE 9 Show that the harmonic series

ot =t

M s

1 1 1 1
n 2 3 4

n

is divergent.

SOLUTION For this particular series it’s convenient to consider the partial sums s,, s,
Ss, S16s S32, - . . and show that they become large.

52 1+%

sa=1+5+

D=
+
Q=
+
00—
—

(
=i ey
(

5=
+
=
+
0|
+
oo|—
+
ool—
+
oo|—

se=1+1+(F+1+
(

Similarly, s, > 1 + %, Sea > 1 + 2, and in general

n
The method used in Example 9 for s >1+ E
showing that the harmonic series
diverges is due to the French scholar This shows that s,» — 0 as n — o and so {s, } is divergent. Therefore the harmonic
Nicole Oresme (1323-1382). series diverges. [ |

0

@ Theorem If the series 2 a, is convergent, then lim a, = 0.
n—ow

n=1

PROOF Lets, =a, + a, + --- + a,. Thena, = s, — s,-1. Since 2 a, is conver-
gent, the sequence {s, } is convergent. Let lim, .. s, = s. Sincen — 1 — o asn — oo,

we also have lim, .. s,-1 = 5. Therefore
lim a, = lim(s, — s,-;) = lims, — lims,-;, =5 —s =10 [ ]
n—w n—w n—ow n—ow

NOTE 1 With any series 2 a, we associate two sequences: the sequence {s,} of
its partial sums and the sequence {a,} of its terms. If 2 a, is convergent, then the limit of
the sequence {s,} is s (the sum of the series) and, as Theorem 6 asserts, the limit of the
sequence {a, } is 0.

2 NOTE 2 The converse of Theorem 6 is not true in general. If lim, ... a, = 0, we can-
not conclude that > a, is convergent. Observe that for the harmonic series 2 1/n we have
a, = 1/n — 0 as n — %, but we showed in Example 9 that X 1/n is divergent.

Test for Divergence If lim a, does not exist or if lim a, # 0, then the

©

series », a, is divergent.

n=1

Copyright 2016 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s).
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it.



754

CHAPTER 11

Infinite Sequences and Series

The Test for Divergence follows from Theorem 6 because, if the series is not diver-
gent, then it is convergent, and so lim, .. a, = 0.

w 2
EXAMPLE 10 Show that the series >, 2n— diverges.
n=1 5]’[ + 4
SOLUTION
. , n’ . 1 1
lima,=lm —F——=Ilm_——F5=—-#0
n—om n—o Sn =+ 4 n—>90 5 + 4/}1 5
So the series diverges by the Test for Divergence. |

NOTE 3 If we find that lim,—.. a, # 0, we know that X a, is divergent. If we find
that lim,—.. a, = 0, we know nothing about the convergence or divergence of X a,.
Remember the warning in Note 2: if lim,— a, = 0, the series 2 a, might converge or it
might diverge.

Theorem If X a, and X b, are convergent series, then so are the series X ca,
(where c is a constant), > (a, + b,), and 2 (a, — b,), and

@) ican=cian

n=1

(ii) i(an+bn)=ian+ibn
n=1 n=1

n=1

(111) i (an - bn) = i a, — i bn
n=1 n=1 n=1

These properties of convergent series follow from the corresponding Limit Laws for
Sequences in Section 11.1. For instance, here is how part (ii) of Theorem 8 is proved:
Let

Sn:zai S=Ean tn=2bi r= bn
i=1 n=1 i=1 n=1
The nth partial sum for the series = (a, + b,) is
u, = E (ai + bl)
i=1
and, using Equation 4.2.10, we have
lim u, = lim E (ai + b,) = lim 2 a; + 2 bi
n—® n—%° = n—e =1 i=1
= limEai-l— limEb,-
N =) = =g
=lms, + lim¢t, =5 + ¢
Pt Pt
Therefore = (a, + b,) is convergent and its sum is
Slan+b)=s+t=2a,+ 2 b, [ |

n=1 n=1 n=1
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SECTION 11.2 Series 755

EXAMPLE 11 Find the sum of the series >, _ 3 + ! )
nn+1) 2"

n=1

SOLUTION The series 2 1/2" is a geometric series with a = % and r = %, SO

= 1 l
> —= =1
n=1 2” 1 - %

In Example 8 we found that

< 1
=1
,El n(n + 1)

So, by Theorem 8, the given series is convergent and

Z 3 1 |
,§<n(n+l) >_3,121 nn + 1) §=:2_
—3-14+1=4 n

NOTE 4 A finite number of terms doesn’t affect the convergence or divergence of a
series. For instance, suppose that we were able to show that the series
v
n=4 l’l3 + 1
is convergent. Since
« n w
El w1 g n+ 1
it follows that the entire series -, n/(n* + 1) is convergent. Similarly, if it is known
that the series X, -y+1 a, converges, then the full series

is also convergent.

11.2 EXERCISES

1. (a) What is the difference between a sequence and a series?
(b) What is a convergent series? What is a divergent series?

2. Explain what it means to say that X,—; a, = 5.

3-4 Calculate the sum of the series > ,— @, whose partial sums
are given.
n*—1

. )1:2_ . " 4, =
3. s 3(0.8) s, yPEa—

5-8 Calculate the first eight terms of the sequence of partial
sums correct to four decimal places. Does it appear that the
series is convergent or divergent?

§+ 6'i*

l’l n

ian Ean-i' E an

n=1 n=N+1

(-1

n!

M s

7. > sinn 8.

n=1

3
I

9-14 Find at least 10 partial sums of the series. Graph both the
sequence of terms and the sequence of partial sums on the same
screen. Does it appear that the series is convergent or divergent?
If it is convergent, find the sum. If it is divergent, explain why.

= 12 x
9. 10. cosn
ngl (75)" ngl
o © 7n+l
TR

— 12.
n=1v/n’+ 4 ngl 10"
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756 CHAPTER 11 Infinite Sequences and Series

n=1 n2 + 1 n=1 n + 1 n=1 n=1

. 1 1 1 - 3 2
13. > — 14. 2 (sm sin ) 39. > arctann 40. 2( - +)

n 41. 2 < 1) 2.3 <

15. Leta, = ) n(n+ 1) o n
" 3n+1
(a) Determine whether {a,} is convergent.
(b) Determine whether =, @, is convergent. 43-48 Determine whether the series is convergent or divergent

by expressing s, as a telescoping sum (as in Example 8). If it is

16. (a) Explain the difference between convergent, find its sum.

Ya and X aq 530S 2 4. S "
= a7 X c 2o
(b) Explain the difference between .
" n 45. S 46. E < ! )
2 a; and E a; n=1 I’l(n + 3) \/> Jn + 1

47. S (e — oMo) a8. S
n=1

17-26 Determine whether the geometric series is convergent or = n-n

divergent. If it is convergent, find its sum.

64
17.3 -4+ 5 -G+ 18.4+3+3+0+- 49. Letx = 0.99999 .. ..
19. 10 = 2 + 0.4 — 0.08 + - - - (a) Do you think that x < 1 or x = 1?
(b) Sum a geometric series to find the value of x.

20. 2 + 0.5 + 0.125 + 0.03125 + - -- (c¢) How many decimal representations does the number 1

. . have?
21. > 12(0.73)""! 22. > > (d) Which numbers have more than one decimal

n=1 n=1 T representation?
23. i 3)" ' 24, i 3 50. A sequence of terms is defined by

n= n= _2 A

: 0 ( ) a, = 1 a, = (5 - n)an*l

* 2n ® . N2n—1
25. >, ¢ — 26. >, i Calculate 2;—; a,.

n=1 6” ! n=1 3”

51-56 Express the number as a ratio of integers.

27-42 Determine whether the series is convergent or divergent. If 51. 0.8 = 0.8888... 52. 0.46 = 0.46464646 ...
it is convergent, find its sum. 53. 2516 = 2516516516 ...

1 1 1 1 1
27. —+ —+—+—+—+ - 35 —

376 9 T 12" 5 54. 10.135 = 10.135353535 . ..

L 9 | ) | ) 55. 1.234567 56. 5.71358

28. —+ 4+ —+—F+——+——+
39 27 81 243 729

57-63 Find the values of x for which the series converges. Find

5 2+ - IS
29. > 1 2nn 30. > Z_ts the sum of the series for those values of x.
n=1 - k=1 -
» - 57. > (—5)"x" 58. > (x + 2)"
31. X 34 32. X [(-0.2)" + (0.6)"'] = =
n=1 n=1
© (.X _ 2);1 * ; N
= 1 © on 4 ogn 59. 2 T 60. E (=4)"(x =5
33. X —— 3. Y — n=0 =0
n=1 4 +e" n=1 e”
x© 2” ow© M n
. - 61. > = 62. 3 o2
35. 3 (sin 100) 36. > — =0 X =0 3
k=1 n=1 1 + (g)
- o 63. > e™
n’+ 1 k
37. In| ——— 38. 2 n=0
En<2n2+l> ,%(f)
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64. We have seen that the harmonic series is a divergent series
whose terms approach 0. Show that

s 1
> ln<1 + )
" " 73.
is another series with this property.

@@ 65-66 Use the partial fraction command on your CAS to find
a convenient expression for the partial sum, and then use this
expression to find the sum of the series. Check your answer by
using the CAS to sum the series directly.

3n® +3n+ 1 Z 1
65. —_— 66. —_
,,z (n> + n)® Z’; n’ — 5n° + 4n

67. If the nth partial sum of a series ,-; a, is
n—1
Sy =
n+1

find a, and 2,-, a,.

68. If the nth partial sum of a series ;- a,is s, =3 — n2™",
find a, and 2, -, a,.

A doctor prescribes a 100-mg antibiotic tablet to be taken 74
every eight hours. Just before each tablet is taken, 20% of
the drug remains in the body.
(a) How much of the drug is in the body just after the sec-
ond tablet is taken? After the third tablet?
(b) If Q, is the quantity of the antibiotic in the body just
after the nth tablet is taken, find an equation that
expresses Q,+1 in terms of Q.
(c) What quantity of the antibiotic remains in the body in
the long run?

69

70

A patient is injected with a drug every 12 hours. Immedi-
ately before each injection the concentration of the drug
has been reduced by 90% and the new dose increases the 75
concentration by 1.5 mg/L.
(a) What is the concentration after three doses?
(b) If C, is the concentration after the nth dose, find a
formula for C, as a function of n. 76.
(c) What is the limiting value of the concentration?

71. A patient takes 150 mg of a drug at the same time every

day. Just before each tablet is taken, 5% of the drug remains

in the body.

(a) What quantity of the drug is in the body after the third
tablet? After the nth tablet?

(b) What quantity of the drug remains in the body in the

long run?

77.

72. After injection of a dose D of insulin, the concentration of
insulin in a patient’s system decays exponentially and so
it can be written as De” “', where ¢ represents time in hours
and a is a positive constant.

(a) If adose D is injected every T hours, write an expres-
sion for the sum of the residual concentrations just
before the (n + 1)st injection.

A 78.

SECTION 11.2 Series 757

(b) Determine the limiting pre-injection concentration.

(c) If the concentration of insulin must always remain at or
above a critical value C, determine a minimal dosage D
in terms of C, a, and T'.

When money is spent on goods and services, those who

receive the money also spend some of it. The people receiv-

ing some of the twice-spent money will spend some of that,
and so on. Economists call this chain reaction the multiplier
effect. In a hypothetical isolated community, the local govern-
ment begins the process by spending D dollars. Suppose

that each recipient of spent money spends 100c% and saves

1005 % of the money that he or she receives. The values ¢

and s are called the marginal propensity to consume and the

marginal propensity to save and, of course, ¢ + s = 1.

(a) Let S, be the total spending that has been generated after
n transactions. Find an equation for S,..

(b) Show that lim, .. S, = kD, where k = 1/s. The number
k is called the multiplier. What is the multiplier if the
marginal propensity to consume is 80%?

Note: The federal government uses this principle to justify

deficit spending. Banks use this principle to justify lending a

large percentage of the money that they receive in deposits.

A certain ball has the property that each time it falls from a
height % onto a hard, level surface, it rebounds to a height rh,
where 0 < r < 1. Suppose that the ball is dropped from an
initial height of H meters.
(a) Assuming that the ball continues to bounce indefinitely,
find the total distance that it travels.
(b) Calculate the total time that the ball travels. (Use the fact
that the ball falls %gt2 meters in ¢ seconds.)
(c) Suppose that each time the ball strikes the surface with
velocity v it rebounds with velocity —kv, where
0 < k < 1. How long will it take for the ball to come
to rest?

Find the value of ¢ if
>SU+o)™"=2
n=2

Find the value of ¢ such that

Ms

e" =10

0

n

In Example 9 we showed that the harmonic series is diver-
gent. Here we outline another method, making use of the fact
that e* > 1 + x for any x > 0. (See Exercise 6.2.109.)

If s, is the nth partial sum of the harmonic series, show that
e’ > n + 1. Why does this imply that the harmonic series is
divergent?

Graphthe curvesy =x", 0 < x < l,forn=0,1,2,3,4,...
on a common screen. By finding the areas between successive
curves, give a geometric demonstration of the fact, shown in
Example 8, that

o 1

S —

=1
n=1 n(n + 1)
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758 CHAPTER 11 Infinite Sequences and Series

79. The figure shows two circles C and D of radius 1 that touch 84. If X a, is divergent and ¢ # 0, show that X ca, is divergent.
at P. The line T is a common tangent line; C; is the circle that
touches C, D, and T; C, is the circle that touches C, D, and C;;
C; is the circle that touches C, D, and C,. This procedure can
be continued indefinitely and produces an infinite sequence of 86
circles {C, }. Find an expression for the diameter of C, and thus
provide another geometric demonstration of Example 8.

85. If X a, is convergent and X b, is divergent, show that the series
> (a, + b,) is divergent. [Hint: Argue by contradiction.]

. If 2 a, and 2 b, are both divergent, is X (a, + b,) necessarily
divergent?

87. Suppose that a series = a, has positive terms and its partial
sums s, satisfy the inequality s, =< 1000 for all n. Explain why
> a, must be convergent.

88. The Fibonacci sequence was defined in Section 11.1 by the
equations

fl = l’ fz = 17 ﬁl :f;l—l +f;l—2 n=3

Show that each of the following statements is true.

@ 1 1 1
Y hider Sk fofn
(b)2;=1 (C)EL=2
n=2 Jn—1Jn+1 n=2 Jn—1/Jn+1
80. A right triangle ABC is given with ZA = 6 and |AC| = b.
CD is drawn perpendicular to AB, DE is drawn perpendicular 89. The Cantor set, named after the German mathematician
to BC, EF 1 AB, and this process is continued indefinitely, Georg Cantor (1845-1918), is constructed as follows. We start
as shown in the figure. Find the total length of all the with the closed interval [0, 1] and remove the open interval
perpendiculars (3, %). That leaves the two intervals [0, %]and [%, 1:| and we
remove the open middle third of each. Four intervals remain
|CD| + |DE| + |EF| + |FG| + - and again we remove the open middle third of each of them.
We continue this procedure indefinitely, at each step removing
in terms of b and 6. the open middle third of every interval that remains from the
A preceding step. The Cantor set consists of the numbers that
9 remain in [0, 1] after all those intervals have been removed.
D (a) Show that the total length of all the intervals that are
F removed is 1. Despite that, the Cantor set contains infi-
H b nitely many numbers. Give examples of some numbers in

the Cantor set.
(b) The Sierpinski carpet is a two-dimensional counterpart

of the Cantor set. It is constructed by removing the center
B G E C one-ninth of a square of side 1, then removing the centers
of the eight smaller remaining squares, and so on. (The
figure shows the first three steps of the construction.)
Show that the sum of the areas of the removed squares
0=0+04+0+--- is 1. This implies that the Sierpinski carpet has area 0.

81. What is wrong with the following calculation?

—U=D+A =D+ 1)+

1-1+1-1+1-1+---

I+(-1+D+(-1+D)+(1+1+---

=14+0+0+0+---=1

(Guido Ubaldus thought that this proved the existence of God

because “something has been created out of nothing.”) 90. (a) A sequence {a,} is defined recursively by the equation
a, = %(a,ﬂ + a,-,) for n = 3, where a, and a, can be
any real numbers. Experiment with various values of a,
and a, and use your calculator to guess the limit of the
83. Prove part (i) of Theorem 8. sequence.

82. Suppose that ;- a, (a, # 0) is known to be a convergent
series. Prove that =,—, 1/a, is a divergent series.
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91.

92.

SECTION 11.3 The Integral Test and Estimates of Sums

(b) Find lim, . a, in terms of a; and a, by expressing
a,+1 — a,interms of a» — a, and summing a series.

Consider the series X ;- n/(n + 1)!.

(a) Find the partial sums s, s, 53, and s4. Do you recognize the
denominators? Use the pattern to guess a formula for s,.

(b) Use mathematical induction to prove your guess.

(c) Show that the given infinite series is convergent, and find
its sum.

In the figure at the right there are infinitely many circles
approaching the vertices of an equilateral triangle, each circle
touching other circles and sides of the triangle. If the triangle
has sides of length 1, find the total area occupied by the circles.

11.3 The Integral Test and Estimates of Sums

759

In general, it is difficult to find the exact sum of a series. We were able to accomplish
this for geometric series and the series = 1/[n(n + 1)] because in each of those cases we
could find a simple formula for the nth partial sum s,. But usually it isn’t easy to discover
such a formula. Therefore, in the next few sections, we develop several tests that enable
us to determine whether a series is convergent or divergent without explicitly finding its
sum. (In some cases, however, our methods will enable us to find good estimates of the
sum.) Our first test involves improper integrals.

We begin by investigating the series whose terms are the reciprocals of the squares of

There’s no simple formula for the sum s, of the first n terms, but the computer-generated
table of approximate values given in the margin suggests that the partial sums are
approaching a number near 1.64 as n — % and so it looks as if the series is convergent.

We can confirm this impression with a geometric argument. Figure 1 shows the curve
y = 1/x? and rectangles that lie below the curve. The base of each rectangle is an interval
of length 1; the height is equal to the value of the function y = 1/x? at the right endpoint
of the interval.

; the positive integers:
SR P L
i=1 1
5 1.4636
10 1.5498
50 1.6251
100 1.6350
500 1.6429
1000 1.6439
5000 1.6447

area = #

>

(=]
—_
N
[
~

—

-

=

area:§ aréa = 5 aréa = — 5 aréea = _5

32 42 52
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760 CHAPTER 11 Infinite Sequences and Series

So the sum of the areas of the rectangles is

1
n2

I
M s

1
7+3—+?+ + .-

1
I 5

If we exclude the first rectangle, the total area of the remaining rectangles is smaller
than the area under the curve y = 1/x? for x = 1, which is the value of the integral
flm (1/x*) dx. In Section 7.8 we discovered that this improper integral is convergent and
has value 1. So the picture shows that all the partial sums are less than

1 el
Tt [ =2

Thus the partial sums are bounded. We also know that the partial sums are increasing
(because all the terms are positive). Therefore the partial sums converge (by the Mono-
tonic Sequence Theorem) and so the series is convergent. The sum of the series (the
limit of the partial sums) is also less than 2:

o1 1 1 1 1
2T Tty et oS
[The exact sum of this series was found by the Swiss mathematician Leonhard Euler
(1707-1783) to be 7%/6, but the proof of this fact is quite difficult. (See Problem 6 in the
Problems Plus following Chapter 15.)]
Now let’s look at the series

| iL_L+L+L+L+L+
2 SV Sin V1T V2 B3 A5
3 32317 The table of values of s, suggests that the partial sums aren’t approaching a finite num-
10 2.0210 ber, so we suspect that the given series may be divergent. Again we use a picture for
20 12.7524 confirmation. Figure 2 shows the curve y = 1/ /x, but this time we use rectangles whose
100 18.5896 tops lie above the curve.
500 43.2834
1000 61.8010 y .
5000 139.9681 y= T
X
i i i i
0 2 ] 3 ] 4 | s X
aréa = —— aréa = —— aréa = —— aréa = ——

1
Ja

S‘H
s‘ﬁ
&‘H

FIGURE 2

The base of each rectangle is an interval of length 1. The height is equal to the value
of the function y = 1/ Vx at the left endpoint of the interval. So the sum of the areas of
all the rectangles is

0

=2
T EEr AT E TR
This total area is greater than the area under the curve y = 1/ \/; for x = 1, which is
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SECTION 11.3 The Integral Test and Estimates of Sums 761

equal to the integral j1°° (1/ Vx ) dx. But we know from Section 7.8 that this improper
integral is divergent. In other words, the area under the curve is infinite. So the sum of
the series must be infinite; that is, the series is divergent.

The same sort of geometric reasoning that we used for these two series can be used to
prove the following test. (The proof is given at the end of this section.)

The Integral Test Suppose f is a continuous, positive, decreasing function on
[1, o) and let @, = f(n). Then the series =;_, a, is convergent if and only if the

(oo

improper integral |,” f(x) dx is convergent. In other words:

1) If jlw f(x) dx is convergent, then >, a, is convergent.

n=1

(i) If jlw f(x) dx is divergent, then >, a, is divergent.

n=1

NOTE When we use the Integral Test, it is not necessary to start the series or the
integral at n = 1. For instance, in testing the series

- e 1
z - we use L m dx

Also, it is not necessary that f be always decreasing. What is important is that f be
ultimately decreasing, that is, decreasing for x larger than some number N. Then =;_y a,
is convergent, so ;- a, is convergent by Note 4 of Section 11.2.

Z 1
EXAMPLE 1 Test the series , i1 for convergence or divergence.
n=1 N

SOLUTION The function f(x) = 1/(x* + 1) is continuous, positive, and decreasing on
[1, ©) so we use the Integral Test:

PR | | ‘
f ———dx=1lim | ————dx=lim tan”x]
1 x=+ 1 —=J1 x° + 1 t—»

—lim (tn - —) =2 T _T
s 4) "2 4 3

Thus ||°c 1/(x* + 1) dx is a convergent integral and so, by the Integral Test, the series
S 1/(n* + 1) is convergent. [ |

51
EXAMPLE 2 For what values of p is the series >, — convergent?
n=1 N

SOLUTION If p < 0, then lim, ... (1/n”) = . If p = 0, then lim,_... (1/n*) = 1. In
either case lim, ... (1/n*) # 0, so the given series diverges by the Test for Divergence

In order to use the Integral Test we (11.2.7).

need to be able to evaluate [} £(x) dx If p > 0, then the function f(x) = 1/x” is clearly continuous, positive, and decreas-

and therefore we have to be able to find ~ ing on [1, ). We found in Chapter 7 [see (7.8.2)] that

an antiderivative of f. Frequently this

is difficult or impossible, so we need f *
1

1 . . .
—dx converges if p > 1 and divergesifp < 1
other tests for convergence too. r

X
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It follows from the Integral Test that the series 2 1/n” converges if p > 1 and diverges
if 0 < p =< 1. (For p = 1, this series is the harmonic series discussed in Example
11.2.9.) ]

The series in Example 2 is called the p-series. It is important in the rest of this chapter,
so we summarize the results of Example 2 for future reference as follows.

o1
E] The p-series >, — is convergent if p > 1 and divergentif p < 1.
n=1 N

EXAMPLE 3
(a) The series

is convergent because it is a p-series with p = 3 > 1.
(b) The series

i L _ i Loy Ly Ly Ly
n=1 nl/'% n=1 Q/’; 4 2 Q/3< :/Z
is divergent because it is a p-series with p = % < 1. |

NOTE We should not infer from the Integral Test that the sum of the series is equal to
the value of the integral. In fact,

51 1
E—2= 6 whereas f —dx =

n=1 N
Therefore, in general,

i a, # fcf(x) dx

o Inn
EXAMPLE 4 Determine whether the series », —— converges or diverges.
n=1 n
SOLUTION The function f(x) = (In x)/x is positive and continuous for x > 1 because
the logarithm function is continuous. But it is not obvious whether or not f is decreas-
ing, so we compute its derivative:
(I)x)x —Inx 1—1Inx
f'(x) = 2 = 2

X

Thus f’(x) < 0 when In x > 1, that is, when x > e. It follows that f is decreasing
when x > e and so we can apply the Integral Test:

1 (1 nx? |
j —nxdx= j—nxdx—hm(nx)
1~>oo 2 .

t— 0

. (np?
= lim =

t—w

Since this improper integral is divergent, the series > (In n)/n is also divergent by the
Integral Test. |
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n+l|a, o

FIGURE 3

y=fx)

Ay +1

Ap+2

n+1

FIGURE 4

SECTION 11.3 The Integral Test and Estimates of Sums 763

@ Estimating the Sum of a Series

Suppose we have been able to use the Integral Test to show that a series X a, is conver-
gent and we now want to find an approximation to the sum s of the series. Of course, any
partial sum s, is an approximation to s because lim, ... s, = s. But how good is such an
approximation? To find out, we need to estimate the size of the remainder

ans_sn:an+l +an+2+an+3 + ..

The remainder R, is the error made when s,, the sum of the first n terms, is used as an
approximation to the total sum.

We use the same notation and ideas as in the Integral Test, assuming that f is decreas-
ing on [n,). Comparing the areas of the rectangles with the area under y = f (x) for
x > n in Figure 3, we see that

Rn = dp+1 + ap+2 +oeee s focf(-x) dx
Similarly, we see from Figure 4 that
Rn = dp+1 + Ap+2 +... = jx lf(x) dx
n+

So we have proved the following error estimate.

(2] Remainder Estimate for the Integral Test Suppose f(k) = a, where f is
a continuous, positive, decreasing function for x = n and X a, is convergent. If
R, = s — s,, then

f:u f(x)dx <R, < J:of(x) dx

EXAMPLE 5

(a) Approximate the sum of the series = 1/n° by using the sum of the first 10 terms.
Estimate the error involved in this approximation.

(b) How many terms are required to ensure that the sum is accurate to within 0.0005?

SOLUTION In both parts (a) and (b) we need to know |* f(x) dx. With f(x) = 1/x?,
which satisfies the conditions of the Integral Test, we have

r . 1 i 1,1 1
— ax = lim It = 11m — — | = —=
nox3 =0 2x* | e 2t 2n? 2n?

(a) Approximating the sum of the series by the 10th partial sum, we have

i L O T/
zs = — — —_— o« o . —_— .
frr i SR D R 10°

According to the remainder estimate in (2), we have

<Lyt _ 1
lo\fmx»* T 2007 T 200

So the size of the error is at most 0.005.
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764 CHAPTER 11 Infinite Sequences and Series

Although Euler was able to calculate
the exact sum of the p-series for p = 2,
nobody has been able to find the exact
sum for p = 3. In Example 6, however,
we show how to estimate this sum.

(b) Accuracy to within 0.0005 means that we have to find a value of n such that
R, = 0.0005. Since

we want < 0.0005

n2
Solving this inequality, we get

1
> —— =] > /1 ~ 31.
n 0.001 000 or n 000 31.6

We need 32 terms to ensure accuracy to within 0.0005. |

If we add s, to each side of the inequalities in (2), we get

(3] s,,+J.i] f(x)dx$s$sn+fwf(x)dx

because s, + R, = s. The inequalities in (3) give a lower bound and an upper bound
for s. They provide a more accurate approximation to the sum of the series than the par-
tial sum s, does.

51
EXAMPLE 6 Use (3) with n = 10 to estimate the sum of the series >, —.
n=1 1"

SOLUTION The inequalities in (3) become
% 1 !
s10+j —3dx$s$s10+f —dx
1 x 10 x°

From Example 5 we know that

X 2n?

SO S10 S = S0

1 1
+——=< +—
2(11)? 2(10)*
Using si0 = 1.197532, we get
1.201664 < s < 1.202532

If we approximate s by the midpoint of this interval, then the error is at most half the
length of the interval. So

1
— =~ 1.2021 with error < 0.0005 |
n

M s

n

If we compare Example 6 with Example 5, we see that the improved estimate in (3)
can be much better than the estimate s = s,. To make the error smaller than 0.0005 we
had to use 32 terms in Example 5 but only 10 terms in Example 6.
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11.3 EXERCISES

1. Draw a picture to show that

o1 © 1
—_— < —_
n§2 e L X3 dx

SECTION 11.3 The Integral Test and Estimates of Sums 765

B Proof of the Integral Test

We have already seen the basic idea behind the proof of the Integral Test in Figures 1 and
2 for the series 3 1/n* and 3 1/+4/n . For the general series 2 a,, look at Figures 5 and 6.
The area of the first shaded rectangle in Figure 5 is the value of f at the right endpoint of
[1, 2], that is, f(2) = a,. So, comparing the areas of the shaded rectangles with the area
under y = f(x) from 1 to n, we see that

E] a2+a3+~--+a,,$ﬁnf(x)dx

(Notice that this inequality depends on the fact that f is decreasing.) Likewise, Figure 6
shows that

E] fl’lf(x)dxga] +a2+ +Cl,171

() If j ]w f(x) dx is convergent, then (4) gives

S a=["f(dx = | fl) dx
i—2 ! !
since f(x) = 0. Therefore
S=a1+ X a;<a + wa(x)deM,say
i=2

Since s, =< M for all n, the sequence {s,} is bounded above. Also
Sn+1 = Sn + Ap+1 = Sn

since a,+1 = f(n + 1) = 0. Thus {s,} is an increasing bounded sequence and so it is
convergent by the Monotonic Sequence Theorem (11.1.12). This means that X a, is
convergent.

(i) If [ f(x) dx is divergent, then [ f(x) dx — o as n — o because f(x) = 0. But
(5) gives

n—1
f] f(x) dx < 2 a; = Sp-1
i=1

and so s,—; — . This implies that s, — < and so X a, diverges. |

3-8 Use the Integral Test to determine whether the series is
convergent or divergent.

3. > n? 4, > n
What can you conclude about the series? n=1 n=1
2. Suppose f is a continuous positive decreasing function for 5 i 2 6 = 1
x = 1 and a, = f(n). By drawing a picture, rank the following C & s —1 &S GBn- 1)t
three quantities in increasing order:
= " » .
5 6 7. > —— 8. > n% "
“ff(x) dx E a; 2 a; n=1 n2 + 1 n=1
Y i=1 i=2
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766 CHAPTER 11 Infinite Sequences and Series

9-26 Determine whether the series is convergent or divergent.

% 1 ©
9, 2 = 10 2 n*0.9999
n=1 nY n=3
1 1 1 1
Ml+—+—+—+—+
8 27 64 125
1 1 1 1 1
12 —+ —+ —+—+—+.
5 7 9 11 13

B.—+—+—+—+—+

14. 1 +

— 4 + —
272 33 44
>oAn + 4
z'lfnz

15.

1

17. > 18. >

n=1 I’l2 + 4 n=1 n2 + 2}’[ + 2
> nt S 3n—4
19. 20, > ———
ngl n* +4 ,E n* —2n
| |
21. 3 2. >
— ninn )
23. > ke 24, > ke ™
k=1 k=1
z 1 z n
25, > —— 26. >

27-28 Explain why the Integral Test can’t be used to determine
whether the series is convergent.

© 2
cosmTn cos ' n
28. >

1 \/I’T n=1 l+n2

Ms

27.

n

29-32 Find the values of p for which the series is convergent.

& 1 & 1
29. —_— 30. _———
,Ez n(ln n)” Zg nlnn[In(lnn)]”

3

31. > a(l + r?)?

n=

ZInn

32, >

n=1 n’

33. The Riemann zeta-function ¢ is defined by

(=3

n=1 n*

and is used in number theory to study the distribution of
prime numbers. What is the domain of {?

34.

35.

36.

37.

38.

39.

40.

41.

[ 42.

Leonhard Euler was able to calculate the exact sum of the
p-series with p = 2:
501 ?
=3 —-"1
{2 zn2 .

(See page 760.) Use this fact to find the sum of each series.

51 °° 1
- b -
® 2 ® 26y
|
© 2 Gy
Euler also found the sum of the p-series with p = 4:
| Tt
4) = T

n

Use Euler’s result to find the sum of the series.

w3(3)

(a) Find the partial sum s, of the series =;—, 1/n*. Esti-
mate the error in using sy0 as an approximation to the
sum of the series.

(b) Use (3) with n = 10 to give an improved estimate of the
sum.

(c) Compare your estimate in part (b) with the exact value
given in Exercise 35.

(d) Find a value of n so that s, is within 0.00001 of the sum.

501
® &%y

(a) Use the sum of the first 10 terms to estimate the sum of
the series =;_; 1/n*. How good is this estimate?

(b) Improve this estimate using (3) with n = 10.

(c) Compare your estimate in part (b) with the exact value
given in Exercise 34.

(d) Find a value of n that will ensure that the error in the
approximation s = s, is less than 0.001.

—2n

Find the sum of the series 2,-; ne " correct to four decimal

places.
Estimate X;—; (2n + 1) ° correct to five decimal places.

How many terms of the series =;—, 1/[n(In n)*] would you
need to add to find its sum to within 0.01?

Show that if we want to approximate the sum of the series
S n~ "% 50 that the error is less than 5 in the ninth deci-
mal place, then we need to add more than 10"*"" terms!

(a) Show that the series>;—; (In n)*/n* is convergent.

(b) Find an upper bound for the error in the approximation
5 = S,

(c) What is the smallest value of n such that this upper
bound is less than 0.05?

(d) Find s, for this value of n.
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SECTION 11.4 The Comparison Tests 767

43. (a) Use (4) to show that if s, is the nth partial sum of the (b) Interpret
harmonic series, then 1
s, <1+1nn ty =ty =[In(n + 1) — Inn] —

n+1
(b) The harmonic series diverges, but very slowly. Use
part (a) to show that the sum of the first million terms is
less than 15 and the sum of the first billion terms is less
than 22.

as a difference of areas to show that #, — #,+; > 0. There-
fore {z,} is a decreasing sequence.

(¢) Use the Monotonic Sequence Theorem to show that {z,}
is convergent.

44, Use the following steps to show that the sequence

45, Find all positive values of b for which the series =;—; b™"

1 1 1
tbi=1l+—4+—+---4+——1Inn converges.
2 3 n

has a limit. (The value of the limit is denoted by v and is 46. Find all values of ¢ for which the following series converges.

called Euler’s constant.) .
(a) Draw a picture like Figure 6 with f(x) = 1/x and inter- (C __1 )
pret £, as an area [or use (5)] to show that ¢, > 0 for all n. =1\ 1 n+1

11.4 The Comparison Tests

In the comparison tests the idea is to compare a given series with a series that is known
to be convergent or divergent. For instance, the series

- 1
E] ,,212”-!—1

reminds us of the series =;_; 1/2", which is a geometric series with a = % andr = % and
is therefore convergent. Because the series (1) is so similar to a convergent series, we
have the feeling that it too must be convergent. Indeed, it is. The inequality

1 1

— <
2"+ 1 2"

shows that our given series (1) has smaller terms than those of the geometric series and
therefore all its partial sums are also smaller than 1 (the sum of the geometric series).
This means that its partial sums form a bounded increasing sequence, which is conver-
gent. It also follows that the sum of the series is less than the sum of the geometric series:

> 1
— <1
RETE

Similar reasoning can be used to prove the following test, which applies only to series
whose terms are positive. The first part says that if we have a series whose terms are
smaller than those of a known convergent series, then our series is also convergent. The
second part says that if we start with a series whose terms are larger than those of a
known divergent series, then it too is divergent.

The Comparison Test Suppose that = a, and = b, are series with positive terms.
(i) If 2 b, is convergent and a, < b, for all n, then X a, is also convergent.

(i) If 2 b, is divergent and a, = b, for all n, then = a, is also divergent.
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768 CHAPTER 11 Infinite Sequences and Series

It is important to keep in mind the
distinction between a sequence and a
series. A sequence is a list of numbers,
whereas a series is a sum. With every
series > a, there are associated two
sequences: the sequence {a,} of terms
and the sequence {s,} of partial sums.

Standard Series for Use
with the Comparison Test

PROOF
(1)Let S,,:Ea,' thEb,‘ t:Ebn
i=1 i=1 n=1

Since both series have positive terms, the sequences {s,} and {z,} are increasing
(Sps1 = 80 + aps1 = 5,). Also t, — 1, s0 t, < t for all n. Since a; < b;, we have s, < f,.
Thus s, < ¢ for all n. This means that {s,} is increasing and bounded above and there-
fore converges by the Monotonic Sequence Theorem. Thus = a, converges.

(ii) If 2 b, is divergent, then t, — o (since {t,} is increasing). But @; = b; s0 s, = t,.
Thus s, — 0. Therefore X a, diverges. [ ]

In using the Comparison Test we must, of course, have some known series X b, for
the purpose of comparison. Most of the time we use one of these series:

e A p-series [E 1/n” converges if p > 1 and diverges if p < 1; see (11.3.1)]

o A geometric series | = ar"! converges if | r| < 1 and diverges if | r| = 1;
see (11.2.4)]

z 5
EXAMPLE 1 Determine whether the series >,

————— converges or diverges.
S 2nt+4n + 3 £ &

SOLUTION For large n the dominant term in the denominator is 2n?, so we compare the
given series with the series = 5/(2n%). Observe that

5 5
2 <537
2n- +4n + 3 2n

because the left side has a bigger denominator. (In the notation of the Comparison Test,
a, is the left side and b, is the right side.) We know that

is convergent because it’s a constant times a p-series with p = 2 > 1. Therefore

i 5

= 2n*+4n+ 3

is convergent by part (i) of the Comparison Test. |

NOTE 1 Although the condition a, < b, or a, = b, in the Comparison Test is given
for all n, we need verify only that it holds for n = N, where N is some fixed integer,
because the convergence of a series is not affected by a finite number of terms. This is
illustrated in the next example.

S Ink
EXAMPLE 2 Test the series , e for convergence or divergence.
k=1
SOLUTION We used the Integral Test to test this series in Example 11.3.4, but we can
also test it by comparing it with the harmonic series. Observe that In k > 1 for k = 3
and so
Ink _ 1
—_ > J—
k k
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Exercises 40 and 41 deal with the
cases ¢ = 0 and ¢ = .

SECTION 11.4 The Comparison Tests 769

We know that = 1/k is divergent (p-series with p = 1). Thus the given series is diver-
gent by the Comparison Test. |

NOTE 2 The terms of the series being tested must be smaller than those of a conver-
gent series or larger than those of a divergent series. If the terms are larger than the terms
of a convergent series or smaller than those of a divergent series, then the Comparison
Test doesn’t apply. Consider, for instance, the series

z 1
,,; 2" =1
The inequality
1 1
_ > J—
2" =1 2"

is useless as far as the Comparison Test is concerned because = b, = X (%)" is convergent
and a, > b,. Nonetheless, we have the feeling that X 1/(2" — 1) ought to be convergent
because it is very similar to the convergent geometric series = (%)n. In such cases the
following test can be used.

The Limit Comparison Test Suppose that X a, and X b, are series with positive
terms. If

where c is a finite number and ¢ > 0, then either both series converge or both
diverge.

PROOF Let m and M be positive numbers such that m < ¢ < M. Because a, /b, is
close to ¢ for large n, there is an integer N such that

m<%<M when n > N
and so mb, < a, < Mb, when n > N

If 2 b, converges, so does = Mb,. Thus X a, converges by part (i) of the Comparison
Test. If = b, diverges, so does = mb, and part (ii) of the Comparison Test shows that
> a, diverges. u

Z 1
EXAMPLE 3 Test the series , 1 for convergence or divergence.
n=1 -

SOLUTION We use the Limit Comparison Test with

_ 1 p =L
a’l 2n _ 1 n 2"
and obtain
. yer—1 o , 1
PN VAl )R S N S
n—=o b, n—ow 1/2" n—ow 2" 1 n—ow 1 — 1/2"

Copyright 2016 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s).
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it.



770

CHAPTER 11

Infinite Sequences and Series

Since this limit exists and 2 1/2" is a convergent geometric series, the given series

converges by the Limit Comparison Test. |
. L& 2n+ 3n )

EXAMPLE 4 Determine whether the series », —==—= converges or diverges.

=1 /5 + n’

SOLUTION The dominant part of the numerator is 2n* and the dominant part of the

denominator is v/n® = n°/2. This suggests taking

_2n* + 3n b_2n2_ 2
an = /—5 T’ n n5/? - nl/2
a 20>+ 3n  n'? 2+ 3R

. n .
lim — = lim

=z . —fim =
n—» b, n—o /5 + pd 2 ngr; 2.5 +n’

242
2+0

= lim

n
n—>® 5 2\/0+1
24/ +1
n

Since 3 b, = 23 1/n'* is divergent (p-series with p = I < 1), the given series
diverges by the Limit Comparison Test. |

Notice that in testing many series we find a suitable comparison series = b, by keep-
ing only the highest powers in the numerator and denominator.

@ Estimating Sums

If we have used the Comparison Test to show that a series 2 a, converges by comparison
with a series 2 b,, then we may be able to estimate the sum X a, by comparing remain-
ders. As in Section 11.3, we consider the remainder

ans_sn:a/1+l+an+2+"'
For the comparison series > b, we consider the corresponding remainder
Tnzt_tn:bn+l+bn+2+"'

Since a, < b, for all n, we have R, < T,.If 2 b, is a p-series, we can estimate its remain-
der T, as in Section 11.3. If X b, is a geometric series, then 7, is the sum of a geometric
series and we can sum it exactly (see Exercises 35 and 36). In either case we know that
R, is smaller than T,,.

EXAMPLE 5 Use the sum of the first 100 terms to approximate the sum of the series
3 1/(n® + 1). Estimate the error involved in this approximation.

SOLUTION Since
1 - 1
n+1 n?
the given series is convergent by the Comparison Test. The remainder T, for the

comparison series = 1/n’ was estimated in Example 11.3.5 using the Remainder Esti-
mate for the Integral Test. There we found that

T,<| —di=—
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11.4 EXERCISES

SECTION 11.4 The Comparison Tests 771

Therefore the remainder R, for the given series satisfies

With n = 100 we have

1
R<T,<—
2n?

Rioo < —— — 0.00005
Y 01002

Using a programmable calculator or a computer, we find that

with error less than 0.00005.

1. Suppose 2 a, and X b, are series with positive terms and X b,

is known to be convergent.

(a) If a, > b, for all n, what can you say about 2 a,? Why?
(b) If a, < b, for all n, what can you say about X a,? Why?

2. Suppose X a, and X b, are series with positive terms and = b,

is known to be divergent.

(a) If a, > b, for all n, what can you say about > a,? Why?
(b) If a, < b, for all n, what can you say about X a,? Why?

3-32 Determine whether the series converges or diverges.

3.2’1318 4.2\/;1_1

> 2 ’:1:;21 6. 2} :3111

7 é 3 +9"10" 8 é 5"6: 1
R e
13. :lllﬂ 14, 2: 13n3+ 1

15. gl ;":12 16. 21 -

17. zlﬁ 18, ¢;2+ -

19. ,é :;-Li-ln 20. é nzn:r-:l:zrzl

»
>
n=1

1
n+1

100 1
~ ~ (.6864538
,,21 n+1

VL +n “on+2
. e 22,
rgl 2+n n=3 (l’l + 1)3
5 5+ 2n s n+ 3"
23 24,
,;1 (1 + n?)? Zln-i-Z"
Soe"+ 1 =z 1
25, Ee— 26. —
,zl ne" + 1 1122 nyn?—1
3 1 2 E3 el/n
27. X |1+ —] e 28. >
n=1 n n=1 n
51 Z n!
209. 3 — 3. 3
n=1 n! n=1 N

n

& 1 S 1
31. 2 sin() 32. 2 W
n=1 =1

33-36 Use the sum of the first 10 terms to approximate the sum of
the series. Estimate the error.

w 1 =l
33. 34.
El 5+ n’ ,,gl n*
35. i 5 "cos’n 36. i _b
n=1 n=1 3” + 4”

37. The meaning of the decimal representation of a number
0.d\dxd; . . . (where the digit d; is one of the numbers 0, 1,
2,...,9)is that

_d,d

0.dvdodsds . .. = T T
1 10 10> 103

10*

Show that this series always converges.
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772 CHAPTER 11 Infinite Sequences and Series

38. For what values of p does the series 2,—, 1/(n” In n)

(b) Use part (a) to show that the series diverges.

converge? = “ Inn
39. Prove that if @, = 0 and 2 a, converges, then X a? also @) Z’z Inn (i) Z’l n
converges.

40. (a) Suppose that X a, and 2 b, are series with positive terms
and X b, is convergent. Prove that if

42. Give an example of a pair of series = a, and X b, with positive
terms where lim, ... (a,/b,) = 0 and X b, diverges, but = a,
converges. (Compare with Exercise 40.)

lim =~ =0
n= by 43. Show that if a, > 0 and lim, .. na, # 0, then S a, is
then X a, is also convergent. divergent.
(b) Use part (a) to show that the series converges.
0 i ln3n (ii) é Inn 44, Show that if a, > 0 and 2 a, is convergent, then = In(1 + a,)
“ n = Jnen is convergent.

41. (a) Suppose that X a, and 2 b, are series with positive terms
and X b, is divergent. Prove that if

lim — = o

iz b,

then X a, is also divergent.

11.5 Alternating Series

45, If ¥ a, is a convergent series with positive terms, is it true that
> sin(a,) is also convergent?

46. If X a, and X b, are both convergent series with positive terms,
is it true that ¥ a, b, is also convergent?

The convergence tests that we have looked at so far apply only to series with positive
terms. In this section and the next we learn how to deal with series whose terms are not
necessarily positive. Of particular importance are alternating series, whose terms alter-
nate in sign.

An alternating series is a series whose terms are alternately positive and negative.
Here are two examples:

11 1 1 1 & 1
l——4———+———+- = (-1y'=
2 3 4 5 6 Zl( -
1.2 3 4 5 6 .
—— S -t = = (-1
2 3 4 5 6 7 Zl( A

We see from these examples that the nth term of an alternating series is of the form
ay=(=1"b, or  a,=(=1)b,

where b, is a positive number. (In fact, b, = |a,|.)

The following test says that if the terms of an alternating series decrease toward 0 in
absolute value, then the series converges.

Alternating Series Test If the alternating series
2(_1)n_lbn=b1_b2+b3_b4+b5_b6+'-- bn>0
n=1

satisfies
1) bus1 < b, for all n

(i) limb, =0

then the series is convergent.
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SECTION 11.5 Alternating Series 773

Before giving the proof let’s look at Figure 1, which gives a picture of the idea behind
the proof. We first plot s; = b; on a number line. To find s, we subtract b, so s, is to
the left of s;. Then to find s; we add bs, so ss is to the right of s,. But, since b; < by, s3
is to the left of s;. Continuing in this manner, we see that the partial sums oscillate back
and forth. Since b, — 0, the successive steps are becoming smaller and smaller. The
even partial sums s,, S4, S, . . . are increasing and the odd partial sums sy, s3, Ss, . . . are
decreasing. Thus it seems plausible that both are converging to some number s, which is
the sum of the series. Therefore we consider the even and odd partial sums separately in
the following proof.

b,
— b2
+ by
- b,
+ by
f_—bﬁ
FIGURE 1 0 55 54 Se s Ss 55 s,

PROOF OF THE ALTERNATING SERIES TEST We first consider the even partial sums:

s$s=b — b, =0 since by < b,
ss=8+ (bs—by) =, since by < b;
In general S2n = Sap—a + (b2u-1 = ban) = $202 since by, < b1
Thus 0<95 <54 <5< <59, <--
But we can also write
Sop = by — (bz - bz) - (b4 - bs) - (bzn—z - bzn—l) — ba,

Every term in parentheses is positive, 80 s,, < b; for all n. Therefore the sequence {s»,}
of even partial sums is increasing and bounded above. It is therefore convergent by the
Monotonic Sequence Theorem. Let’s call its limit s, that is,

lim s,, = s

n—ow
Now we compute the limit of the odd partial sums:

lim 55,41 = lim (Szn + b2n+1)
N> n—>00

lim Son + lim b2n+1
n—ow

n—ow

s+ 0 [by condition (ii)]

Since both the even and odd partial sums converge to s, we have lim,—. s, = s
[see Exercise 11.1.92(a)] and so the series is convergent. [ |
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774 CHAPTER 11

Figure 2 illustrates Example 1 by
showing the graphs of the terms

a, = (—1)""'/n and the partial sums
s.. Notice how the values of s, zigzag
across the limiting value, which appears
to be about 0.7. In fact, it can be proved
that the exact sum of the series is

In 2 = 0.693 (see Exercise 36).

FIGURE 2

Instead of verifying condition (i) of

the Alternating Series Test by com-
puting a derivative, we could verify that
bu+1 < b, directly by using the techni-
que of Solution 1 of Example 11.1.13.

Infinite Sequences and Series

EXAMPLE 1 The alternating harmonic series
1 1 1 Z (=t
l——4+ —— — 4 ... = -
2 3 4 Z:l n
satisfies
(i) b1 <D b 1 < !
n n ccause —
Y On . +1 n
(i) lim b, = lim — =0
n—ow n—o n
so the series is convergent by the Alternating Series Test. |
. < (=D"3n . :
EXAMPLE 2 The series >, P alternating, but
n=1 n —
3 3
lim b, = lim = lim = —
P noedn =1 amw ] 4
n

so condition (ii) is not satisfied. Instead, we look at the limit of the nth term of the series:

13
im @, = fim 3"

n—o n—ow 4n —_ 1

This limit does not exist, so the series diverges by the Test for Divergence. |

B 2
EXAMPLE 3 Test the series >, (—1)""" %1 for convergence or divergence.
n=1 n

SOLUTION The given series is alternating so we try to verify conditions (i) and (ii) of
the Alternating Series Test.
Unlike the situation in Example 1, it is not obvious that the sequence given by
b, = n*/(n* + 1) is decreasing. However, if we consider the related function
f(x) = x¥(x* + 1), we find that

Since we are considering only positive x, we see that f'(x) < 0if 2 — x* < 0, that is,
x > /2. Thus f is decreasing on the interval (3/5 , 00). This means that f(n + 1) < f(n)
and therefore b, < b, when n = 2. (The inequality b, < b, can be verified directly
but all that really matters is that the sequence {b,} is eventually decreasing.)

Condition (ii) is readily verified:

1
, -
lim b, = lim — = lim =0
n—o n—= n n—ow 1
1+ -
n
Thus the given series is convergent by the Alternating Series Test. |
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You can see geometrically why the
Alternating Series Estimation Theo-
rem is true by looking at Figure 1 (on
page 773). Notice that s — 54 < bs,

|s — 55| < bs, and so on. Notice also
that s lies between any two consecutive
partial sums.

By definition, 0! = 1.

In Section 11.10 we will prove that
e*=37_, x"/n! for all x, so what we
have obtained in Example 4 is actually

an approximation to the number e .

SECTION 11.5 Alternating Series 775

@ Estimating Sums

A partial sum s, of any convergent series can be used as an approximation to the total
sum s, but this is not of much use unless we can estimate the accuracy of the approxima-
tion. The error involved in using s = s, is the remainder R, = s — s,. The next theorem
says that for series that satisfy the conditions of the Alternating Series Test, the size of the
error is smaller than b,+1, which is the absolute value of the first neglected term.

Alternating Series Estimation Theorem Ifs =X (—1)""'b,, where b, > 0, is
the sum of an alternating series that satisfies

1) b1 < b, and (i) lim b, =0

n—o

then |Rn|=|s_sn|$bn+l

PROOF We know from the proof of the Alternating Series Test that s lies between
any two consecutive partial sums s, and s,+. (There we showed that s is larger than
all the even partial sums. A similar argument shows that s is smaller than all the odd
sums.) It follows that

|S — Sn = Sn+1 T sn| = bn+| |
= (1)
EXAMPLE 4 Find the sum of the series >, (=D correct to three decimal places.

n=0 n'
SOLUTION We first observe that the series is convergent by the Alternating Series Test
because

, S SR |
@ m+1)! nr+1 nl

1 1 1
i) 0<—<——0 s0o ——0as n—>»
n! n n!

To get a feel for how many terms we need to use in our approximation, let’s write out
the first few terms of the series:

1 1 1 1 1 1
Il=T+3-6+tu ot 5mt
Notice that b7 = s055 < 5005 = 0.0002

and se=1—1+%— 4+ 25— 35+ 735 = 0.368056
By the Alternating Series Estimation Theorem we know that
|s — 56| < b7 < 0.0002

This error of less than 0.0002 does not affect the third decimal place, so we have
s = 0.368 correct to three decimal places. |
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776 CHAPTER 11 Infinite Sequences and Series

@ NOTE The rule that the error (in using s, to approximate s) is smaller than the first
neglected term is, in general, valid only for alternating series that satisfy the conditions
of the Alternating Series Estimation Theorem. The rule does not apply to other types of

series.

11.5 EXERCISES

1. (a) What is an alternating series?
(b) Under what conditions does an alternating series
converge?
(c) If these conditions are satisfied, what can you say
about the remainder after n terms?

2-20 Test the series for convergence or divergence.

el (_l)nfl o (_1)n+1

5. e 6. ~ 7
"gl 3 + 5" n=0 n + 1

7.3 -yt 8. S (—1)—"
n=1 2n + 1 : n—1 n“+n-+1
w . \/;

9. —1)e™" 10. )
*® nZ o

11. 1)t e 12. —1)""'ne”
S S (-1 ne

13. X (=)l 14. > (—1)"'arctann
n=l1 n=1

15. > ——F—

17. i (—l)"sin<:> 18. E( 1)" cos( )

Z, nCcos nir
2

n=1

19. 2 (- 1)"— 20. é (=1)"(Vn+1—=4n)

21-22 Graph both the sequence of terms and the sequence of
partial sums on the same screen. Use the graph to make a rough
estimate of the sum of the series. Then use the Alternating

Series Estimation Theorem to estimate the sum correct to four
decimal places.

21, 3 (208 22. 3 (-1 L

n=1 f’l‘ n=1

23-26 Show that the series is convergent. How many terms
of the series do we need to add in order to find the sum to the
indicated accuracy?

R

n=

(| error | < 0.00005)

(=3)

Ms

24, (| error | < 0.0005)
=1 N
N

25. o (| error| < 0.0005)
n=1 n

w

1 n
26. > ( ) (| error | < 0.00005)
n

n=1

27-30 Approximate the sum of the series correct to four decimal
places.

_1) o (_1)n+l

27. 28. —_—
2 2n)! ngl n®

: . G Vi

29. > (—1)'ne 30 > ——
n=1 n=1 n4

31. Is the 50th partial sum ss, of the alternating series
S (—1)""/n an overestimate or an underestimate of the
total sum? Explain.

32-34 For what values of p is each series convergent?
;o
2.2

(ln n)”

33. 2(1) 34. })(1)"l

n+p n=2
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SECTION 11.6 Absolute Convergence and the Ratio and Root Tests

35. Show that the series = (—1)""'b,, where b, = 1/n if n is odd (b) From Exercise 11.3.44 we have
and b, = 1/n*if n is even, is divergent. Why does the Alter-

nating Series Test not apply?

36. Use the following steps to show that

5 o

n=1 n

hy, —Inn—vy as n— ®

and therefore

=1In2

hyy — In(2n) — vy as n— ©

Let /1, and s, be the partial sums of the harmonic and alter-

nating harmonic series.
(a) Show that s,, = hy, — h,.

Use these facts together with part (a) to show that
Sa,—>In2 asn — o,

11.6 Absolute Convergence and the Ratio and Root Tests

We have convergence tests for series
with positive terms and for alternating
series. But what if the signs of the
terms switch back and forth irregularly?
We will see in Example 3 that the idea
of absolute convergence sometimes
helps in such cases.

Given any series = a,, we can consider the corresponding series
2 fa| = lai| +|ar] + [as] + - -
n=1

whose terms are the absolute values of the terms of the original series.

777

E] Definition A series 2 a, is called absolutely convergent if the series of
absolute values X | a, | is convergent.

Notice that if 2 a, is a series with positive terms, then | a, | = a, and so absolute con-

vergence is the same as convergence in this case.

EXAMPLE 1 The series

5 (=1 1 11
Z( ) =l-= +=-—F+

is absolutely convergent because

is a convergent p-series (p = 2).
EXAMPLE 2 We know that the alternating harmonic series

i(l)’” o

+

1 1 1
— —— — 4 ...
2 3 4

is convergent (see Example 11.5.1), but it is not absolutely convergent because the
corresponding series of absolute values is

o

-+ =+

“ 1 1 1 1
=X =1ty oty

which is the harmonic series (p-series with p = 1) and is therefore divergent.
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778 CHAPTER 11 Infinite Sequences and Series

Figure 1 shows the graphs of the
terms a, and partial sums s, of the
series in Example 3. Notice that
the series is not alternating but has
positive and negative terms.

051
{s.}
{a"}
0 : n
FIGURE 1

@ Definition A series X a, is called conditionally convergent if it is convergent
but not absolutely convergent.

Example 2 shows that the alternating harmonic series is conditionally convergent.
Thus it is possible for a series to be convergent but not absolutely convergent. However,
the next theorem shows that absolute convergence implies convergence.

@ Theorem If a series 2 a, is absolutely convergent, then it is convergent.

PROOF Observe that the inequality
0<a, + |a,| <2|a,|
is true because |a,| is either a, or —a,. If = a, is absolutely convergent, then = |a,| is

convergent, so X 2|a, | is convergent. Therefore, by the Comparison Test, = (a,, + |a, |)
is convergent. Then

Earz:z(a'1+ |a"|) - E |a"|

is the difference of two convergent series and is therefore convergent. [ |

EXAMPLE 3 Determine whether the series

i cosn  cos 1 N cos 2 N cos 3
= n2 12 22 32

is convergent or divergent.

SOLUTION This series has both positive and negative terms, but it is not alternating.
(The first term is positive, the next three are negative, and the following three are posi-
tive: the signs change irregularly.) We can apply the Comparison Test to the series of
absolute values

%

S S |coszn|

3 =
n=1 n n=1 n

cosn

Since | cos n| < 1 for all n, we have

|cosn| 1
—zs_

n I’l2

We know that = 1/n* is convergent (p-series with p = 2) and therefore 2 | cos n |/n*
is convergent by the Comparison Test. Thus the given series = (cos n)/n? is absolutely
convergent and therefore convergent by Theorem 3. [ ]

The following test is very useful in determining whether a given series is absolutely
convergent.
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779

(i) If lim
(i) If lim

n—ow

(iii) If lim

(and therefore

divergent.

The Ratio Test

Ap+1

an

An+1
an

Ap+1

[25%

0

= L < 1, then the series >, a, is absolutely convergent

n=1

convergent).

An+1

=L > 1orlim = oo, then the series >, a, is

n—e ap n=1

= 1, the Ratio Test is inconclusive; that is, no conclusion

can be drawn about the convergence or divergence of = a,,.

PROOF

(i) The idea is to compare the given series with a convergent geometric series. Since
L < 1, we can choose a number r such that L < r < 1. Since

the ratio | An+1/an | will eventually be less than r; that is, there exists an integer N

such that

or, equivalently,

(4]

Ap+1

lim =L and L<r

o
n— a,

Ap+1
— | <r whenever n = N
a,

|a.+1| <|a.|r  whenever n = N

Putting n successively equal to N, N + I, N + 2, ...1in (4), we obtain

and, in general,

(5]

Now the series

is convergent because it is a geometric series with 0 < r < 1. So the inequality (5),

lay | < |an|r
|ClN+2| < |Cl1v+1|r< |aN|r2

|CZN+3| < |CZN+2|}"< |Cl1\1|7'3

|ayi| < |an|r®  forallk =1

-
> lan|r* = |ay|r + |an|r* + |an|r* + - -
k=1

together with the Comparison Test, shows that the series

%

n=N+1

B
2 |an| = 2 |aN+k| = |(1N+1| + |aN+2| + |aN+3| +--
k=1
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The Ratio Test is usually conclusive if
the nth term of the series contains an
exponential or a factorial, as we will
see in Examples 4 and 5.

Estimating Sums

In the last three sections we used
various methods for estimating the sum
of a series—the method depended on
which test was used to prove conver-
gence. What about series for which the
Ratio Test works? There are two possi-
bilities: If the series happens to be an
alternating series, as in Example 4,
then it is best to use the methods of
Section 11.5. If the terms are all
positive, then use the special methods
explained in Exercise 46.

Infinite Sequences and Series

is also convergent. It follows that the series =~ | a,| is convergent. (Recall that a finite
number of terms doesn’t affect convergence.) Therefore = a, is absolutely convergent.

(i) If |an+1/an|— L > 1or|a,i/a,|— o, then the ratio | a,+1/a, | will eventually
be greater than 1; that is, there exists an integer N such that

Ap+1

> 1 whenever n = N

Ay
This means that | @,+1| > |a,| whenever n = N and so

lim a, # 0

n—o

Therefore X a, diverges by the Test for Divergence. |

NOTE Part (iii) of the Ratio Test says that if lim, ... |@,+1/a,| = 1, the test gives no
information. For instance, for the convergent series = 1/n? we have

1
Ayt (n + 1) n’ 1
= = T = — 1 as n— @
a, 1 n+1 1)\2
— 1+ —
n n
whereas for the divergent series = 1/n we have
1
Aps n+1 n 1
= = = —1 as n— @
a, 1 n+1 1
n n
Therefore, if lim, |a,,+1 Jan, | = 1, the series X a, might converge or it might diverge.
In this case the Ratio Test fails and we must use some other test.
® n3
EXAMPLE 4 Test the series >, (—1)" > for absolute convergence.
n=1
SOLUTION We use the Ratio Test with a, = (—1)"n’/3":
(=) (n + 1)°
Ap+1 - 3"“ o (n + 1)3 . X
a, (_1)nn3 3n+1 n3
3ll
1 (n+1)\ 1 1Y)’ 1
=—|—) ==|1+—)] =>=<1
3 n 3 n 3
Thus, by the Ratio Test, the given series is absolutely convergent. [ |

Copyright 2016 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s).
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it.



SECTION 11.6 Absolute Convergence and the Ratio and Root Tests 781

n

EXAMPLE 5 Test the convergence of the series Y, n—'
n=1 .

SOLUTION Since the terms a, = n'/n! are positive, we don’t need the absolute value
signs.
Ani (m+ 1" nl  (n+ Dn+1) nal

an m+ D! n (n+ Dn! n"

<n+1>n < 1>n
= =|1+—=] —e as n—>x
n n

(see Equation 6.4.9 or 6.4*.9). Since e > 1, the given series is divergent by the Ratio
Test.

NOTE Although the Ratio Test works in Example 5, an easier method is to use the
Test for Divergence. Since

a, = —= =n
n! 1-2-3-----n

it follows that a, does not approach 0 as n — <. Therefore the given series is divergent
by the Test for Divergence.

The following test is convenient to apply when nth powers occur. Its proof is similar
to the proof of the Ratio Test and is left as Exercise 49.

The Root Test .
() If lim ¥/]a,| = L < 1,then the series 2, a, is absolutely convergent

n=1
(and therefore convergent).
(i) Iflim {/|a,] = L > 1or lim {/|a,| = o, then the series >, a, is
n—o n—ow n=1

divergent.

(iii) If lim ¥/|a,| = 1, the Root Test is inconclusive.
n—ow

If lim, .. ¥/ |a,| = 1, then part (iii) of the Root Test says that the test gives no infor-
mation. The series X a, could converge or diverge. (If L = 1 in the Ratio Test, don’t try
the Root Test because L will again be 1. And if L = 1 in the Root Test, don’t try the Ratio

Test because it will fail too.)
o[ 2n+ 3
EXAMPLE 6 Test the convergence of the series >, | ——— | .

n=1 3n+ 2
SOLUTION
2n + 3 \"
a = 24— =
3n + 2

B

3
m+3 2T u 2
n n
n = = _<1
Manl =3, 2 3
34 =
n

Thus the given series is absolutely convergent (and therefore convergent) by the Root

Test. [ |
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782 CHAPTER 11 Infinite Sequences and Series

B Rearrangements

The question of whether a given convergent series is absolutely convergent or condi-
tionally convergent has a bearing on the question of whether infinite sums behave like
finite sums.

If we rearrange the order of the terms in a finite sum, then of course the value of the
sum remains unchanged. But this is not always the case for an infinite series. By a rear-
rangement of an infinite series X a, we mean a series obtained by simply changing the
order of the terms. For instance, a rearrangement of = a, could start as follows:

a1+a2+a5+a3+a4+a15+a5+a7-‘r—a20+~--
It turns out that

if 2 a, is an absolutely convergent series with sum s,
then any rearrangement of X a,, has the same sum s.

However, any conditionally convergent series can be rearranged to give a different sum.
To illustrate this fact let’s consider the alternating harmonic series

@ 1-b+i-

(See Exercise 11.5.36.) If we multiply this series by % we get

+

+i—§+---=M2

ISEN
w|—
A=
<=

1 1 1
I—t+i-t+.. . =lm2

Inserting zeros between the terms of this series, we have
Adding these zeros does not affect £

the sum of the series; each term in the
e el
sequence of partial sums is repeated,

but the limit is the same.

0+3+0-2+0+Li+0—3+---=1l2
Now we add the series in Equations 6 and 7 using Theorem 11.2.8:
3
1+i-t4lypl 1y =3po

Notice that the series in (8) contains the same terms as in (6) but rearranged so that one
negative term occurs after each pair of positive terms. The sums of these series, however,
are different. In fact, Riemann proved that

if X a, is a conditionally convergent series and r is any real number what-
soever, then there is a rearrangement of = a,, that has a sum equal to r.

A proof of this fact is outlined in Exercise 52.

11.6 EXERCISES

1. What can you say about the series = a, in each of the following 2-6 Determine whether the series is absolutely convergent or
cases? conditionally convergent.
o n—1

(@) lim [ ——| =38 (b) lim =0.38 2. 2 Vi
n— n n—® n n=1 \/n

Ans o (=1 o (=D

im | =L | = 4 > ——

© lim | =" : X557 2
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B3

5. >

n=1

sin n

2n

Z n
6. —1)"!
E( ) n*+ 4

SECTION 11.6

33.

7-24 Use the Ratio Test to determine whether the series is
convergent or divergent.

0 n © (_2)'1
7. — 8.
nE:l 5" gl n’
© 311 © (_3)n
9. —1)"! 10.
Zl =1 2"n? Zo Q2n + 1)!
1. > L 12, D ke™*
=1 k! k=1
» 10" o
13. I — 14.
”2:1 n + 1)42n+1 Z‘tl 100"
% nw" ® nlO
15. 16. —
g ( 3)11 1 ngl (_10)n+1
17. i cos(nm/3) 18. i n:
n=1 n! n=1 N
z n'°100" Z (2n)!
19. e 20.
2::1 n! g: (n!)?
2! 3! 4!
21. 1 —
1-3 -3 5 3-5-7
n!
+ (=1 + -
=D 3-5- 2n—1)
2 2-5-8 2-5-8-11
22, — + +
3 3-5 3-5-7 3:5-7-9
S 2-4-6 -2
23. 3 @n)
n=1 n!
= 2"n!
24, —1)"
Zl( )5-8-11--~~'(3n+2)

35.

37.

783

Absolute Convergence and the Ratio and Root Tests

oS (=9) c n5*"
34,
ngl n n+l ngl 1011+]
z S, sin(nm/6)
2:" (lnn> ,,;1 1+ nyn
® _ % —1)"
E (=1)"arctan n 1) arctann 38 3 (=1
— n=2 N Inn

39.

40.

The terms of a series are defined recursively by the equations

Sn + 1
Ap+1 = Qn

a; = 2
4n + 3
Determine whether = a, converges or diverges.
A series X a, is defined by the equations

2 + cosn
Jn

Determine whether ¥ a, converges or diverges.

a; = 1 Apv1 = ap

41-42 Let {b,} be a sequence of positive numbers that converges
to % Determine whether the given series is absolutely convergent.

41, >
n=1

°. b} cos nr —1)"n!
,,21 n b bzb';

n - b,

43.

44.

25-30 Use the Root Test to determine whether the series is
convergent or divergent.

25. i ( ) 26. i (_?"

n*+1
2n* + 1

S (=
2.3

~ 2
- 1\
(1 )
=l n

30. > (arctan n)"

n=0

29.

45.

46.

31-38 Use any test to determine whether the series is absolutely

convergent, conditionally convergent, or divergent.

D 32, 2 <

Inn

31.

n=2

.y

2+ 3n

For which of the following series is the Ratio Test inconclu-
sive (that is, it fails to give a definite answer)?

% 3

1
(@ > —

n=1

( 3)11 1
\/7 n=1 1+ nZ

For which positive integers k is the following series
convergent?

(©) E

L

(a) Show that =;_y x"/n! converges for all x.
(b) Deduce that lim, ... x"/n! = 0 for all x.

Let 2 a, be a series with positive terms and let r, = a,+1/a,.
Suppose that lim, .. r, = L < 1, so 2 a, converges by the
Ratio Test. As usual, we let R, be the remainder after n terms,
that is,

R,=aw + apr+ apez + - -+

(a) If {r,} is a decreasing sequence and r,+; < 1, show, by
summing a geometric series, that

a
Rn = n+1
I = rpn

(b) If {r,} is an increasing sequence, show that

An+1

R, =
1—-L
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47

48.

CHAPTER 11 Infinite Sequences and Series

. (a) Find the partial sum ss of the seriesX;-; 1/(n2"). Use Exer-

cise 46 to estimate the error in using ss as an approximation
to the sum of the series.

(b) Find a value of n so that s, is within 0.00005 of the sum.
Use this value of n to approximate the sum of the series.

Use the sum of the first 10 terms to approximate the sum of
the series

8

n
1 2"

n

Use Exercise 46 to estimate the error.

51.

Given any series 2 a,, we define a series = a, whose terms are
all the positive terms of 2 a, and a series 2 a, whose terms
are all the negative terms of 2 a,. To be specific, we let

a, + |a,| ; a, — |as|
Gn T 14| R

2 2

a; =

Notice that if a, > 0, then a,; = a, and a; = 0, whereas if

a, <0, thena;= a,and a; = 0.

(a) If 2 a, is absolutely convergent, show that both of the
series 2 a,; and X a; are convergent.

(b) If = a, is conditionally convergent, show that both of the

49. Prove the Root Test. [Hint for part (i): Take any number r such series 2 a,f and 2 a;; are divergent.
that L < r < 1 and use the fact that there is an integer N such 52. Prove that if X a, is a conditionally convergent series and
that /| a,| < r whenever n = N.] . | numb .
r is any real number, then there is a rearrangement of = a,
50. Around 1910, the Indian mathematician Srinivasa Ramanujan whose sum is r. [Hints: Use the notation of Exercise 51.
discovered the formula Take just enough positive terms a;; so that their sum is greater
. than r. Then add just enough negative terms a; so that the
1 = 242 D (4n)!(1103 + 26390n) cumulative sum is less than r. Continue in this manner and use
™ 9801 =0 (n1)*396" Theorem 11.2.6.]
William Gosper used this series in 1985 to compute the first 53. Suppose the series X a, is conditionally convergent.

(a) Prove that the series > n’a, is divergent.

(b) Conditional convergence of X a, is not enough to deter-
mine whether X na, is convergent. Show this by giving an
example of a conditionally convergent series such that
> na, converges and an example where 2 na, diverges.

17 million digits of .

(a) Verity that the series is convergent.

(b) How many correct decimal places of 7 do you get if you
use just the first term of the series? What if you use two
terms?

11.7 Strategy for Testing Series

We now have several ways of testing a series for convergence or divergence; the problem
is to decide which test to use on which series. In this respect, testing series is similar
to integrating functions. Again there are no hard and fast rules about which test to apply
to a given series, but you may find the following advice of some use.

It is not wise to apply a list of the tests in a specific order until one finally works. That
would be a waste of time and effort. Instead, as with integration, the main strategy is to
classify the series according to its form.

1. If the series is of the form 2 1/n”, it is a p-series, which we know to be conver-
gent if p > 1 and divergent if p < 1.

2. If the series has the form = ar” ' or X ar”, it is a geometric series, which con-
verges if | r| < 1 and diverges if | r| = 1. Some preliminary algebraic manipula-
tion may be required to bring the series into this form.

3. If the series has a form that is similar to a p-series or a geometric series, then
one of the comparison tests should be considered. In particular, if a, is a rational
function or an algebraic function of n (involving roots of polynomials), then the
series should be compared with a p-series. Notice that most of the series
in Exercises 11.4 have this form. (The value of p should be chosen as in Sec-
tion 11.4 by keeping only the highest powers of n in the numerator and denomi-
nator.) The comparison tests apply only to series with positive terms, but if X a,
has some negative terms, then we can apply the Comparison Test to = | a, | and
test for absolute convergence.
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4. If you can see at a glance that lim, .. a, 7 0, then the Test for Divergence
should be used.

5. If the series is of the form X (—1)""'b, or X (—1)"b,, then the Alternating Series
Test is an obvious possibility.

6. Series that involve factorials or other products (including a constant raised to the
nth power) are often conveniently tested using the Ratio Test. Bear in mind that
|@ns1/a,|— 1 as n — oo for all p-series and therefore all rational or algebraic
functions of n. Thus the Ratio Test should not be used for such series.

If a, is of the form (b,)", then the Root Test may be useful.

8. Ifa, = f(n), where | f(x) dx is easily evaluated, then the Integral Test is effec-
tive (assuming the hypotheses of this test are satisfied).

In the following examples we don’t work out all the details but simply indicate which
tests should be used.

EXAMPLET1 S *— L
n=1 2n + 1

Since a, — % # 0 as n — o, we should use the Test for Divergence. ]

© 3
EXAMPLE2 S — Y +1

o1 303+ 4n2 4+ 2

Since a, is an algebraic function of n, we compare the given series with a p-series. The
comparison series for the Limit Comparison Test is X b,, where

NS n3/2 1
bu = 3n3 30 3n¥2 "

EXAMPLE3 3 ne™
n=1

Since the integral {; xe " dx is easily evaluated, we use the Integral Test. The Ratio
Test also works. ]

w 3
n
EXAMPLE 4 Z} (—=1) PR

Since the series is alternating, we use the Alternating Series Test. |

o k
EXAMPLES 3 =
&K

Since the series involves k!, we use the Ratio Test. [ |
z 1
EXAMPLE6 > ———
—_ 2+ 3"

Since the series is closely related to the geometric series 2 1/3", we use the Com-
parison Test. |
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786 CHAPTER 11 Infinite Sequences and Series

11.7 EXERCISES

1-38 Test the series for convergence or divergence.

'nzl I’l3+1

o1 1
11. — +
ngl <n3 311)

13. >

15. > ——

17. >,

18. > ———

11.8 Power Series

Trigonometric Series

A power series is a series in which
each term is a power function. A
trigonometric series

> (a, cos nx + b, sin nx)
n=0
is a series whose terms are trigono-
metric functions. This type of series
is discussed on the website
www.stewartcalculus.com

Click on Additional Topics and then
on Fourier Series.

10.

12.

14.

16.

© 1 =
C 19. 3 (-1 =2 20. 27\7
D ”2 ; n=1 \/n k=1 k(\/l; + 1)
n=1 N~ + - -
1
21. —1)"cos(1/n? 22,
(_l)n nz 1 n;] ( ) Cog( /n ) k=1 2+ sink
n=1 I’l2 +1 o -
i 2 23. > tan(1/n) 24, > nsin(1/n)
n=1 n=1
i (L) o on! Zont+ 1
. " 25, > — 26. X =
2 (_l)n—l E n=1 € n=1
n=1 e £ 1/n
kInk e
i ne™" 27 ,gl (k + 1)° 28. Zl n’
n=1 o o
—-1)" )
. 29. > =D 30. (—1)fi
D 1 w—1 coshn e +5
k=1 k kz + 1 % k %
5 (n)"
I 1. P — 2.
> sin 2n 3 Zl 3k 4 gk 3 El nn
n=1 1 + 2” n2
© " - 1
* 33. 34. —_—
2& E(rH—l) En#—ncoszn
3
—1 n +n
© 1 - 1
35. 36. —_—
n;] n]+1/n n§2 (ln n)lnn

37. i (02 - 1) 38. i (02 —1)

A power series is a series of the form
(1] S oeax"=rco+ cix + ex®+exd -
n=0

where x is a variable and the ¢,’s are constants called the coefficients of the series. For each
fixed x, the series (1) is a series of constants that we can test for convergence or divergence.
A power series may converge for some values of x and diverge for other values of x. The
sum of the series is a function

f)=co+cx +cx?+ -+ cx" + -
whose domain is the set of all x for which the series converges. Notice that f resembles

a polynomial. The only difference is that f has infinitely many terms.
For instance, if we take ¢, = 1 for all n, the power series becomes the geometric series

@ Sx'=14+x+x2+- - +x"+ ...
n=0

which converges when —1 < x < 1 and diverges when | x| = 1. (See Equation 11.2.5.)
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In fact if we put x = % in the geometric series (2) we get the convergent series

(1Y 1111
Sl=)=1l+=—+—+—4+—+ .-
n=0 2 2 4 8 16
but if we put x = 2 in (2) we get the divergent series
22"=1+2+4+8+16+ -
n=0
More generally, a series of the form
(3] Dalx—a)=co+alx—a) +clx —aP+ -
n=0

is called a power series in (x — a) or a power series centered at a or a power series
about a. Notice that in writing out the term corresponding to n = 0 in Equations 1 and 3
we have adopted the convention that (x — a)° = 1 even when x = a. Notice also that
when x = g, all of the terms are O for » = 1 and so the power series (3) always converges
when x = a.

EXAMPLE 1 For what values of x is the series >, n!x" convergent?
n=0

SOLUTION We use the Ratio Test. If we let a,, as usual, denote the nth term of the

series, then a, = n!x". If x # 0, we have
Notice that

m+1N=m+Dnn—-1)-----3-2-1 )
=+ Dn! }E}I}J

(n + 1)1x"*!

n!'x"

An+1

= lim

n—ow

=1lim(n+ 1)|x| =
a, n—ow

By the Ratio Test, the series diverges whenx # 0. Thus the given series converges only
when x = 0. ]

_ n

z 3
EXAMPLE 2 For what values of x does the series >, w37 converge?

n=1 n
SOLUTION Let a, = (x — 3)"/n. Then

Ap+1

B (X _ 3)n+l . n
n+1 (x = 3)"

Ay

1|x—3|e|x—3| as n— o
1+ —

n

By the Ratio Test, the given series is absolutely convergent, and therefore convergent,

when |x — 3| < 1 and divergent when | x — 3| > 1. Now
[x=3]<1 <& -1<x—-3<1 < 2<x<4

so the series converges when 2 < x < 4 and diverges when x < 2 or x > 4.

The Ratio Test gives no information when |x — 3| = 1 so we must consider x = 2
and x = 4 separately. If we put x = 4 in the series, it becomes 2 1/n, the harmonic
series, which is divergent. If x = 2, the series is 2 (—1)"/n, which converges by the
Alternating Series Test. Thus the given power series converges for 2 < x < 4. |
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788 CHAPTER 11 Infinite Sequences and Series

We will see that the main use of a power series is that it provides a way to represent
some of the most important functions that arise in mathematics, physics, and chemistry.
In particular, the sum of the power series in the next example is called a Bessel function,
after the German astronomer Friedrich Bessel (1784—1846), and the function given in
Exercise 35 is another example of a Bessel function. In fact, these functions first arose
when Bessel solved Kepler’s equation for describing planetary motion. Since that time,
these functions have been applied in many different physical situations, including the
temperature distribution in a circular plate and the shape of a vibrating drumhead.

EXAMPLE 3 Find the domain of the Bessel function of order 0 defined by

o =3 0T

n=0 22n(n!)2

SOLUTION Let a, = (—1)"x*"/[2*"(n!)*]. Then

a, -1 n+1x2(n+l) 22)1 n! 2
Notice how closely the computer- = 2((n+l)) = ( - )Zn
generated model (which involves Gn 2 [+ D (=1
Bessel functions and cosine functions)

. . 2n+2 2271(’1’)2
matches the photograph of a vibrating _ X . :
rubber membrane. 222 (n 4+ 1)*(n!)? x>

%2

=m%0<1 for all x
n

Thus, by the Ratio Test, the given series converges for all values of x. In other words,
the domain of the Bessel function Jy is (—, ) = R. [ ]

Recall that the sum of a series is equal to the limit of the sequence of partial sums. So
when we define the Bessel function in Example 3 as the sum of a series we mean that,
for every real number x,

. n (_l)ix2i
Jo(x) = lim s,(x) where  s,(x) = X 5
n—e i=0 2 I(l!)
The first few partial sums are
so(x) = 1
2
X
six) =1— T
y
2 4
s — X
1 2 s2(x) = 1 1 + o4
2 4 6
SPRSEPRE SUNE. A A
S 4 64 2304
0 x x> Xt x° x®
ssx)=1—-—+ == — + ————
7, 4 64 2304 147,456
S\ Sy

Figure 1 shows the graphs of these partial sums, which are polynomials. They are all
FIGURE 1 approximations to the function Jy, but notice that the approximations become better when
Partial sums of the Bessel function J, more terms are included. Figure 2 shows a more complete graph of the Bessel function.
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SECTION 11.8 Power Series 789

For the power series that we have looked at so far, the set of values of x for which
the series is convergent has always turned out to be an interval [a finite interval for the
geometric series and the series in Example 2, the infinite interval (—co, ©) in Example 3,
and a collapsed interval [0, 0] = {0} in Example 1]. The following theorem, proved in
Appendix F, says that this is true in general.

@ Theorem For a given power series >, c,(x — a)", there are only three
possibilities: n=0

(1) The series converges only when x = a.
(ii) The series converges for all x.

(iii) There is a positive number R such that the series converges if |x — a| < R
and diverges if |x — a| > R.

The number R in case (iii) is called the radius of convergence of the power series.
By convention, the radius of convergence is R = 0 in case (i) and R = < in case (ii). The
interval of convergence of a power series is the interval that consists of all values of x
for which the series converges. In case (i) the interval consists of just a single point a.
In case (ii) the interval is (—o, ). In case (iii) note that the inequality |x — a| < R
can be rewritten as @ — R < x < a + R. When x is an endpoint of the interval, that is,
x = a = R, anything can happen—the series might converge at one or both endpoints
or it might diverge at both endpoints. Thus in case (iii) there are four possibilities for the
interval of convergence:

(a—R,a+ R (a — R,a + R]

[a —R,a +R) [a — R,a + R]

The situation is illustrated in Figure 3.

convergence for |x —a| <R

a—R a a+R

t—— divergence for |[x —a|>R ———!

We summarize here the radius and interval of convergence for each of the examples
already considered in this section.

Series Radius of convergence Interval of convergence
Geometric series > " R=1 (—=1,1)
n=0
Example 1 > nlx" R=0 {0}
n=0
Example 2 > =3 R=1 [2,4)
n=1 n
£ (7 l)nx2n
E le 3 R = —o0, 0
xample Z{) (1) (
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In general, the Ratio Test (or sometimes the Root Test) should be used to determine
the radius of convergence R. The Ratio and Root Tests always fail when x is an endpoint

of the interval of convergence, so the endpoints must be checked with some other test

EXAMPLE 4 Find the radius of convergence and interval of convergence of the series

§(3)

n=0 /N +1
SOLUTION Leta, = (—3)"x"/+/n + 1. Then
Ans1 (_3)n+1xn+l /n +1 3 n+1
= . = | —3x
an Jn+2 o (=3 n+

B 1+ (1/n) . o
—3\/—1+(2/n)|x| 3| x| asn

By the Ratio Test, the given series converges if 3 |x| < 1 and diverges if 3 | x| > 1

Thus it converges if | x| < } and diverges if | x| > 1. This means that the radius of
convergence is R = 1

We know the series converges in the interval ( 3, g) but we must now test for con-
vergence at the endpoints of this interval. If x =
Z(=3) ( %) S 1 1 1
— =t =+ —=+—=+
D TR A

which diverges ( se the Integral Test or simply observe that it is a p-series with
p =13 < 1)If x = 4, the series is

g, the series becomes

2 s)§<

n=0 n+1

_ l)n

which converges by the Alternating Series Test. Therefore the glven power series con-
verges when —% <x<}

_1 1]
3>3]

3> so the interval of convergence is ( |
EXAMPLE 5 Find the radius of convergence and interval of convergence of the series

Z onlx + 2)"
é) 3n+1
SOLUTION If a,

n(x + 2)"/3"*! then

apet || (n+ D(x +2)""! 3ntl
an 3n+2 n(x + 2)"
( 1) lx+2| |x+2|
=1+ — —
n 3

as n—>®
3

Using the Ratio Test, we see that the series converges if |x + 2|/3 < 1 and it diverges
if |x + 2|/3 > 1. So it converges if |x + 2| < 3 and diverges if |x + 2| > 3. Thus
the radius of convergence is R = 3
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The inequality |x + 2| < 3 can be written as —5 < x < 1, so we test the series at
the endpoints —5 and 1. When x = —35, the series is

which diverges by the Test for Divergence [(—1)"n doesn’t converge to 0]. When

x = 1, the series is

n(3)"

0 3n+1

M s

—13,
n=0

n

which also diverges by the Test for Divergence. Thus the series converges only when

—5 < x < 1, so the interval of convergence is (=5, 1).

11.8 EXERCISES

1. What is a power series?

2. (a) What is the radius of convergence of a power series?
How do you find it?
(b) What is the interval of convergence of a power series?
How do you find it?

3-28 Find the radius of convergence and interval of convergence
of the series.

_ l)nxn

3. —1)"nx" . —
rgl ( ) n=1 \3/;

n=0 n‘ n=1
9. N 10. S 2ty
n=1 n44n ) n=1
S 5 (-
11. —x" 12. —x"
ngl Vn ,,gl ns"
o o x2n
13. x" 14.
g ”(n2 + 1) Zl n!
(x—2)" o (=D
15. 16. — = 1)
20 n?+1 E(Zn—l)?’ (x )
z + 2)" =
17. > 2" 18. > ﬁ(x + 6)"
— 2'lnn _ 8"
g (x = 2) 2x — 1)
9. 3 2 20, 3 &1

|
“n
21, > bn(x—a)”, b>0
n=1
= pn
22, > (x—a)", b>0
n=2 ln
0 an
23, 12x — 1)" 24,
Zmex =1 %2 4.6 (2n)
z (5x — 4y 0 x
25, — 26.
2::1 n’ E::z n(In n)?
27. 3 Y
S35 -(@2n—1)
S n!x"
28.
112::11-3-5 -(2n—1)
29. If ¥, ¢,4" is convergent, can we conclude that each of the
following series is convergent?
(a) E Cu(_z)” (b) E Cn(_4)
n=0 n=0
30. Suppose that ;- c,x" converges when x = —4 and diverges

31.

when x = 6. What can be said about the convergence or diver-
gence of the following series?

(a) gﬂ Cn b) go 8"

(© %cn(—3)" (d) %(—1)%,,9”

If k is a positive integer, find the radius of convergence of
the series
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32. Let p and ¢ be real numbers with p < ¢. Find a power

series whose interval of convergence is
@ (p.g)  ® (pg]  ©[pg) (D [pg]

Is it possible to find a power series whose interval of
convergence is [0, ©)? Explain.

33.

34. Graph the first several partial sums s,(x) of the series
o x", together with the sum function f(x) = 1/(1 — x),
on a common screen. On what interval do these partial sums

appear to be converging to f(x)?

35. The function J, defined by

o ( _ l)nx 2n+1
h = 2 e
is called the Bessel function of order 1.
(a) Find its domain.
A
s | (c) If your CAS has built-in Bessel functions, graph J;
on the same screen as the partial sums in part (b) and
observe how the partial sums approximate J;.

36. The function A defined by

x? x° x°

Ax) =1+

is called an Airy function after the English mathematician
and astronomer Sir George Airy (1801-1892).
(a) Find the domain of the Airy function.

A4

(b) Graph the first several partial sums on a common screen.

+ + + .-
2-3 2-3-5-6 2-3-5-6-8-9

an (b) Graph the first several partial sums on a common screen.

CAS

37.

38.

39.

40.

41.

42.

(c) If your CAS has built-in Airy functions, graph A on the
same screen as the partial sums in part (b) and observe
how the partial sums approximate A.

A function f is defined by

f(x)=1+2x+x2+2x3+x4+--~

that is, its coefficients are ¢, = 1 and ¢,,+; = 2 for all
n = 0. Find the interval of convergence of the series and
find an explicit formula for f(x).

If f(x) = 27— c,x", where ¢,+4 = ¢, for all n = 0, find the
interval of convergence of the series and a formula for f(x).

Show that if lim, .. {/| ¢.| = ¢, where ¢ # 0, then
the radius of convergence of the power series 2 ¢,x" is
R =1/c

Suppose that the power series = ¢,(x — a)” satisfies
cn # 0 for all n. Show that if lim, . | ¢,/c,+1 | exists, then
it is equal to the radius of convergence of the power series.

Suppose the series = ¢,x" has radius of convergence 2 and
the series = d,x" has radius of convergence 3. What is the
radius of convergence of the series = (¢, + d,)x"?

Suppose that the radius of convergence of the power series
> ¢,x" is R. What is the radius of convergence of the power
series = ¢, x*"?

11.9 Representations of Functions as Power Series

In this section we learn how to represent certain types of functions as sums of power
series by manipulating geometric series or by differentiating or integrating such a series.
You might wonder why we would ever want to express a known function as a sum of
infinitely many terms. We will see later that this strategy is useful for integrating func-
tions that don’t have elementary antiderivatives, for solving differential equations, and
for approximating functions by polynomials. (Scientists do this to simplify the expres-
sions they deal with; computer scientists do this to represent functions on calculators and

computers.)

We start with an equation that we have seen before:

E] 1

1 —x

=l+x+x’+x+...=

xn
0

|x|<1

n

We first encountered this equation in Example 11.2.7, where we obtained it by observing
that the series is a geometric series with @ = 1 and r = x. But here our point of view is
different. We now regard Equation 1 as expressing the function f(x) = 1/(1 — x) as a

sum of a power series.
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SECTION 11.9 Representations of Functions as Power Series 793

A geometric illustration of Equation 1
is shown in Figure 1. Because the sum
of a series is the limit of the sequence
of partial sums, we have

= lim s,(x)
1 —x oo
where

) =1+x+x>+ - +x" >/
is the nth partial sum. Notice that as n f

. O T
increases, s,(x) becomes a better approx- /—'1 1
imation to f(x) for —1 < x < I.

FIGURE1 f(x) =

1 .
" and some partial sums
—Xx

EXAMPLE 1 Express 1/(1 + x?) as the sum of a power series and find the interval of
convergence.

SOLUTION Replacing x by —x? in Equation 1, we have

! ! S ()

1+x2 1- () 5

E (_1)nx2n: 1 —x2+x4—x6+x8—
n=0

Because this is a geometric series, it converges when | —x*| < 1, that is, x> < 1, or

| x| < 1. Therefore the interval of convergence is (—1, 1). (Of course, we could have
determined the radius of convergence by applying the Ratio Test, but that much work is
unnecessary here.) |

EXAMPLE 2 Find a power series representation for 1/(x + 2).

SOLUTION In order to put this function in the form of the left side of Equation 1, we
first factor a 2 from the denominator:

1 1 1

EECEEEE)

This series converges when | —x/2| < 1, that is, | x| < 2. So the interval of conver-
gence is (=2, 2). ]
EXAMPLE 3 Find a power series representation of x*/(x + 2).

SOLUTION Since this function is just x* times the function in Example 2, all we have to
do is to multiply that series by x*:

It’s legitimate to move x> across the 3 . n ® n

) ) . , X 1 (=1 (—1)
sigma sign because it doesn’t depend = x3. =x> X" = - X"
on n. [Use Theorem 11.2.8(i) with x+2 x+2 =0 2 =0 2

c=x%]

1.3 _1.4,1.5_ 1. 56
=3X 7X tgx eX t -
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794 CHAPTER 11 Infinite Sequences and Series

In part (ii), | codx = cox + C\ is
written as co(x — a) + C, where

C = C, + acy, so all the terms of the
series have the same form.

Another way of writing this series is as follows:

3 o __1 n—1
X —E()x”

x+2 = o

As in Example 2, the interval of convergence is (—2, 2). [ |

@ Differentiation and Integration of Power Series

The sum of a power series is a function f(x) = 2,_o c,(x — a)" whose domain is the
interval of convergence of the series. We would like to be able to differentiate and inte-
grate such functions, and the following theorem (which we won’t prove) says that we
can do so by differentiating or integrating each individual term in the series, just as we
would for a polynomial. This is called term-by-term differentiation and integration.

@ Theorem If the power series 2 ¢,(x — a)" has radius of convergence
R > 0, then the function f defined by

o

fO=cot+alx—a)+ax—a’+ =3 clx —a)

n=0

is differentiable (and therefore continuous) on the interval (¢ — R, a + R) and

©

(i)fl(x)=cl+2C2()C—a)+SC3(x—a)2+...=Encn(x_a)n—l
n=1
_ 2 _ 3
i) [0 ds=C+ el —a) + o D B
2 3
- = (x — a)"!
_C+;E)C” n+1

The radii of convergence of the power series in Equations (i) and (ii) are both R.

NOTE 1 Equations (i) and (ii) in Theorem 2 can be rewritten in the form

(i) %[i calx — a)"] = i i[cn(x —a)"]

n=0 n=0 dx
@iv) j [i calx — a)”]dx = i f c(x — a)"dx
n=0 n=0

We know that, for finite sums, the derivative of a sum is the sum of the derivatives and the
integral of a sum is the sum of the integrals. Equations (iii) and (iv) assert that the same
is true for infinite sums, provided we are dealing with power series. (For other types of
series of functions the situation is not as simple; see Exercise 38.)

NOTE 2 Although Theorem 2 says that the radius of convergence remains the same
when a power series is differentiated or integrated, this does not mean that the interval of
convergence remains the same. It may happen that the original series converges at an
endpoint, whereas the differentiated series diverges there. (See Exercise 39.)
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SECTION 11.9 Representations of Functions as Power Series 795

NOTE 3 The idea of differentiating a power series term by term is the basis for a
powerful method for solving differential equations. We will discuss this method in Chap-
ter 17.

EXAMPLE 4 In Example 11.8.3 we saw that the Bessel function

Jo(x) = 20 (22,11()’:!);

is defined for all x. Thus, by Theorem 2, J; is differentiable for all x and its derivative is
found by term-by-term differentiation as follows:

_1) an2n 1

oA U S .

Jo(x) =
O(X) = d)C 22n ‘)2 = 22n n‘)Z

EXAMPLE 5 Express 1/(1 — x)* as a power series by differentiating Equation 1. What
is the radius of convergence?

SOLUTION Differentiating each side of the equation

1 ©
=l+x+x>+x’+..o= 2 x"
1 —x n=0
1 . n—1
we get ————=1+2x+3"+- co= > nx"
(l_x) n=1

If we wish, we can replace n by n + 1 and write the answer as

1
—(1 = ’% n+1

According to Theorem 2, the radius of convergence of the differentiated series is the
same as the radius of convergence of the original series, namely, R = 1. |

EXAMPLE 6 Find a power series representation for In(1 + x) and its radius of
convergence.

SOLUTION We notice that the derivative of this function is 1/(1 + x). From Equation 1
we have

11
1+ x 1 —(—x)

=l-x+x>-x+.  |x|<1

Integrating both sides of this equation, we get

1
ln(1+x):f1+xdx:j(1_x+x2_x3+---)dx

o2 x
YT T3 Ty

n

=3y d
n=1 n

+ C |x|<1

To determine the value of C we put x = 0 in this equation and obtain In(1 + 0) =
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The power series for tan~'x obtained in
Example 7 is called Gregory’s series
after the Scottish mathematician James
Gregory (1638—1675), who had antici-
pated some of Newton’s discoveries.
We have shown that Gregory’s series

is valid when —1 < x < 1, but it turns
out (although it isn’t easy to prove) that
it is also valid when x = *1. Notice
that when x = 1 the series becomes

T 1 1 1
—_=]l -t —— —+ ...
4 3 5 7

This beautiful result is known as the

Leibniz formula for 7.

This example demonstrates one way in
which power series representations

are useful. Integrating 1/(1 + x7) by
hand is incredibly difficult. Different
computer algebra systems return differ-
ent forms of the answer, but they are all
extremely complicated. (If you have a
CAS, try it yourself.) The infinite series
answer that we obtain in Example 8(a)
is actually much easier to deal with
than the finite answer provided by a
CAS.

Infinite Sequences and Series

Thus C = 0 and
%2 e x4 o "
Inl+x)=x——+——-——+...= -1 = <1
n(l +x) = x 5 3 1 Z,l (—1) p | x|
The radius of convergence is the same as for the original series: R = 1. |

EXAMPLE 7 Find a power series representation for f(x) = tan™'x.
SOLUTION We observe that f'(x) = 1/(1 + x?) and find the required series by inte-
grating the power series for 1/(1 + x?) found in Example 1.
1
-1, — - — 42 4 __ 6 L
tan”'x f1+x2dx j(l X+ xt=x"+ - )dx

X ¥ X
—cHx- L
3 5 7

To find C we put x = 0 and obtain C = tan"'0 = 0. Therefore

B X3 x5 x7
tan x=x——+ ———+ .-
3 5 7
o x2n+1
= | [
,E)( ) 2n + 1

Since the radius of convergence of the series for 1/(1 + x?) is 1, the radius of conver-
gence of this series for tan~'x is also 1. |

EXAMPLE 8
(a) Evaluate [ [1/(1 + x7)]dx as a power series.

(b) Use part (a) to approximate [y~ [1/(1 + x”)]dx correct to within 107",
SOLUTION

(a) The first step is to express the integrand, 1/(1 + x7), as the sum of a power series.
As in Example 1, we start with Equation 1 and replace x by —x:

1 1 =
1+ x7

Now we integrate term by term:

1 % o x7n+1
— _ln Tn — + _ln
f1+x7dx fz)( yxtde=C ,E,( )7n+1
X8 xlS x22
=C+x——+

-t
8 15 22

This series converges for | —x”| < 1, that is, for | x| < 1.
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SECTION 11.9 Representations of Functions as Power Series 797

(b) In applying the Fundamental Theorem of Calculus, it doesn’t matter which anti-
derivative we use, so let’s use the antiderivative from part (a) with C = 0:

o 1+ x7

os 1 x® X x® 2
el E R R
8 15 22

(=D

+ ...+

_|._ — e —
8.28 ' 15.25 22.2%2 (Tn + 1)27"!

This infinite series is the exact value of the definite integral, but since it is an alternating
series, we can approximate the sum using the Alternating Series Estimation Theorem.
If we stop adding after the term with n = 3, the error is smaller than the term with

n=4:

So we have

. 1
Ny

11.9 EXERCISES

1. If the radius of convergence of the power series 2, ¢,x"
is 10, what is the radius of convergence of the series
Sy ne,x"'? Why?

2. Suppose you know that the series >,— b,x" converges for
| x| < 2. What can you say about the following series? Why?

x bll
,,Ezon-i-lx

n+l

3-10 Find a power series representation for the function and
determine the interval of convergence.

5
AR IO
2 4
A A 6 /=5
0= 81090ty
-1
9. f() = 10. /() = 55 a>0

11-12 Express the function as the sum of a power series by first
using partial fractions. Find the interval of convergence.

2x — 4
x> —4x+3

2x + 3

" f = x2+3x+2

12. f(x) =

1
W ~ 6.4 X 107"

1 1

~ L —5 — ! ~ 0.49951374 |

15-2%  22.2%

13. (a) Use differentiation to find a power series representation for

T
What is the radius of convergence?
(b) Use part (a) to find a power series for

fx) = T+
(c) Use part (b) to find a power series for

XZ

f(X):m

14. (a) Use Equation 1 to find a power series representation for
f(x) = In(1 — x). What is the radius of convergence?
(b) Use part (a) to find a power series for f(x) = x In(1 — x).
(c) By putting x = % in your result from part (a), express In 2

as the sum of an infinite series.

15-20 Find a power series representation for the function and
determine the radius of convergence.

15. f(x) =In(5 — x) 16. f(x) = x*tan'(x%)

17. f(x) =m 18. f(x) = <2ix>
1+ x X2+ x
19 f0) = 20 S0 =1
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Infinite Sequences and Series

21-24 Find a power series representation for f, and graph f and

several partial sums s,(x) on the same screen. What happens as n
increases?
2

21. f(x) = e 22, f(x) =1In(1 + x*)
23. f(x) =1n<i +;‘> 24, f(x) = tan"'(2x)

25-28 Evaluate the indefinite integral as a power series. What is
the radius of convergence?

5. [——a

27. szln(l + x) dx

2. (4
'j1+t3 !

t -1
28. j AT
X

29-32 Use a power series to approximate the definite integral to
six decimal places.

2. [ — 4
'jo l+x3x

31. jo’len(l + x?) dx
0

30. Ll/z arctan(x/2) dx

2

0.3 X
32 | S

33. Use the result of Example 7 to compute arctan 0.2 correct to
five decimal places.

34. Show that the function

(_1)n 2n
flx) = 20 !

is a solution of the differential equation

£+ () =0

35. (a) Show that J;, (the Bessel function of order O given in
Example 4) satisfies the differential equation

X2 (x) + xJ(x) + x°Jp(x) =0
(b) Evaluate !(1) Jo(x) dx correct to three decimal places.
36. The Bessel function of order 1 is defined by

J](x) _ i (_1)nx n

= nl(n + 1)1221
(a) Show that J; satisfies the differential equation
xX2I(x) + xJ/(x) + (x> = 1D)Ji(x) =0

(b) Show that Ji(x) = —J(x).

37. (a) Show that the function

£ n

fo =2

n=0

is a solution of the differential equation

() =fx)
(b) Show that f(x) = e*.

38. Let f,(x) = (sin nx)/n’. Show that the series = f;(x) con-
verges for all values of x but the series of derivatives X f,(x)
diverges when x = 2nmr, n an integer. For what values of x
does the series 2 f,'(x) converge?

39. Let
X

n2

uMg

fx) =
Find the intervals of convergence for f, f', and f".

40. (a) Starting with the geometric series 2, —o x”", find the sum
of the series

|x|<1

2 nxn*l
n=1
(b) Find the sum of each of the following series.

i) > nx" x| <1 (ii) 2
n=1 n=

n
2"
(c) Find the sum of each of the following series.

i X

n=2

nn— x", |x| <1

(iii) 2

nlzn

41. Use the power series for tan ~'x to prove the following expres-
sion for 7 as the sum of an infinite series:

% (_l)n
m=2J3 EO 2n + 1)3"

42. (a) By completing the square, show that

r1/2 dx .
JO x*—x+1 33

(b) By factoring x* + 1 as a sum of cubes, rewrite the inte-
gral in part (a). Then express 1/(x* + 1) as the sum of a
power series and use it to prove the following formula

for 7r:
3\/32(—1)< 2, >

- 8" 3n+1 3n+ 2
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SECTION 11.10 Taylor and Maclaurin Series 799

11.10 Taylor and Maclaurin Series

In the preceding section we were able to find power series representations for a certain

restricted class of functions. Here we investigate more general problems: Which func-
tions have power series representations? How can we find such representations?

We start by supposing that f is any function that can be represented by a power series

(1] fW=c+alx—a) +ax—a*+ax—-—a’+ax—-a*+ -+ |x—a|<R

Let’s try to determine what the coefficients ¢, must be in terms of f. To begin, notice that
if we put x = a in Equation 1, then all terms after the first one are 0 and we get

fla) = co
By Theorem 11.9.2, we can differentiate the series in Equation 1 term by term:
(2] f(x) =ci+2c(x —a) + 3c3(x — @) + des(x —a)) + -+ |x—a| <R
and substitution of x = a in Equation 2 gives
fa) =ca
Now we differentiate both sides of Equation 2 and obtain
(3] /") =2c,+2"3cs(x —a) +3-4des(x —a)’ +--- |x—a| <R
Again we put x = a in Equation 3. The result is
f(a) = 2c,
Let’s apply the procedure one more time. Differentiation of the series in Equation 3 gives
(4] f"(x)=2-3c;+2-3-da(x —a) +3-4-5Scs(x—a)P’+ -+ |x—al<R
and substitution of x = a in Equation 4 gives
f"(a) =2 3c; =3c;

By now you can see the pattern. If we continue to differentiate and substitute x = a, we
obtain

f(n)(a) =2-3-4-----nc,=nlc,
Solving this equation for the nth coefficient ¢,, we get

_ ")

n!

Cn

This formula remains valid even for n = 0 if we adopt the conventions that 0! = 1 and
£ = f. Thus we have proved the following theorem.
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Taylor and Maclaurin

The Taylor series is named after the
English mathematician Brook Taylor
(1685-1731) and the Maclaurin series is
named in honor of the Scottish math-
ematician Colin Maclaurin (1698-1746)
despite the fact that the Maclaurin series
is really just a special case of the Taylor
series. But the idea of representing par-
ticular functions as sums of power series
goes back to Newton, and the general
Taylor series was known to the Scottish
mathematician James Gregory in 1668
and to the Swiss mathematician John
Bernoulli in the 1690s. Taylor was appar-
ently unaware of the work of Gregory
and Bernoulli when he published his dis-
coveries on series in 1715 in his book
Methodus incrementorum directa et
inversa. Maclaurin series are named after
Colin Maclaurin because he popularized
them in his calculus textbook Treatise of
Fluxions published in 1742.

Infinite Sequences and Series

E] Theorem If f has a power series representation (expansion) at a, that is, if

flx) = |x —al] <R

>elx —a)
n=0
then its coefficients are given by the formula

_ /"

n!

Substituting this formula for ¢, back into the series, we see that if f has a power series
expansion at a, then it must be of the following form.

(n)
GRS ff)(—w

/@ ) e S@

2! 3!

= f(a) + (x —a) + (x —a)}+

The series in Equation 6 is called the Taylor series of the function f at a (or about
a or centered at a). For the special case a = 0 the Taylor series becomes

f@ L 110

2!

2 f n)(o)

xz—‘,—

x"=f0) + ——

This case arises frequently enough that it is given the special name Maclaurin series.

NOTE We have shown that if f can be represented as a power series about a, then f
is equal to the sum of its Taylor series. But there exist functions that are not equal to the
sum of their Taylor series. An example of such a function is given in Exercise 84.

EXAMPLE 1 Find the Maclaurin series of the function f(x) = e* and its radius of
convergence.

SOLUTION If f(x) = e*, then f™(x) = e*, so f™(0) = ¢° = 1 for all n. Therefore the
Taylor series for f at O (that is, the Maclaurin series) is

To find the radius of convergence we let a, = x"/n!. Then

n+1 ]
an X n! X
S L :L%0<1
an (n+ 1) x" n+1

so, by the Ratio Test, the series converges for all x and the radius of convergence
IS R = . |
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y=e*

Ly =T) YT

\\y=nm
_—,/777¢/@D o

N

y=Ts(x)

FIGURE 1

As n increases, T,(x) appears to
approach e” in Figure 1. This suggests
that e* is equal to the sum of its Taylor
series.

0 X

SECTION 11.10 Taylor and Maclaurin Series 801

The conclusion we can draw from Theorem 5 and Example 1 is that if ¢* has a power
series expansion at 0, then
xn

n!

o
er=>
n=0

So how can we determine whether e* does have a power series representation?

Let’s investigate the more general question: under what circumstances is a function
equal to the sum of its Taylor series? In other words, if f has derivatives of all orders,
when is it true that

o f"a) ,
[ =Y ——@x-a
n=0 n:
As with any convergent series, this means that f(x) is the limit of the sequence of partial
sums. In the case of the Taylor series, the partial sums are

n (i)
nw=3 LD (- ay

@) L@

ETH T (x—aP+---+

(x —a)

/@
~ fla) + L

Notice that 7, is a polynomial of degree n called the nth-degree Taylor polynomial of
[ ata. For instance, for the exponential function f(x) = e*, the result of Example 1 shows
that the Taylor polynomials at O (or Maclaurin polynomials) with n = 1, 2, and 3 are

2 2 .X'3

X by
Tix)=1+x Tz(X)=1+X+E Tg(x)=1+x+2—!+§

The graphs of the exponential function and these three Taylor polynomials are drawn in
Figure 1.
In general, f(x) is the sum of its Taylor series if

f) = lim 7,2

If we let

R.(x) = f(x) — T,(x) so that f(x) = Tu(x) + R.(x)

then R,(x) is called the remainder of the Taylor series. If we can somehow show that
lim,— R,(x) = 0, then it follows that

lim 7,(x) = lim [£() = R(0)] = £() = lim R(x) =f(x)

We have therefore proved the following theorem.

Theorem If f(x) = T,(x) + R.(x), where T, is the nth-degree Taylor polyno-
mial of f at a and

lim Ry(x) = 0

for |x — a| < R, then f is equal to the sum of its Taylor series on the interval
|x —a|l <R
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Formulas for the

Taylor Remainder Term

As alternatives to Taylor’s Inequality,
we have the following formulas for the
remainder term. If %" is continuous

on an interval / and x € I, then

R0 = [ = 077 o) di

This is called the integral form of the
remainder term. Another formula,
called Lagrange’s form of the remain-
der term, states that there is a number z
between x and a such that

£40)

B

R.(x)
This version is an extension of the
Mean Value Theorem (which is the
case n = 0).

Proofs of these formulas, together
with discussions of how to use them to
solve the examples of Sections 11.10
and 11.11, are given on the website

www.stewartcalculus.com

Click on Additional Topics and then on
Formulas for the Remainder Term in
Taylor series.

Infinite Sequences and Series

In trying to show that lim,_.. R,(x) = O for a specific function f, we usually use the
following theorem.

(9] Taylor's Inequality If | f**"(x)| < M for | x — a| < d, then the remainder
R.(x) of the Taylor series satisfies the inequality

M

|R,,(x)| = m

[x = a|™! for |[x —al<d

To see why this is true for n = 1, we assume that | f(x) | < M. In particular, we have
f"(x) < M, sofor a < x < a + d we have

fﬂmmsme

An antiderivative of " is f’, so by Part 2 of the Fundamental Theorem of Calculus, we
have

[ = fl@)<sMix—a) or  flx)=fla)+ Mx~—a)

Thus j F(t) dr < j [£(a) + M(r — a)] dt

1)~ f@ = flas — ) + 5

109 = fl@) = fla)x = @) < 5 (x — @)
But Ri(x) = /() — T\(x) = /(%) — f(@) — f(@)(x — a). So
R() =5 (x — )
A similar argument, using f”(x) = —M, shows that

R() = =2 (x — )

M
So R(x)| <—|x—al?
2

Although we have assumed that x > q, similar calculations show that this inequality is
also true for x < a.

This proves Taylor’s Inequality for the case where n = 1. The result for any # is
proved in a similar way by integrating n + 1 times. (See Exercise 83 for the case n = 2.)

NOTE In Section 11.11 we will explore the use of Taylor’s Inequality in approxi-
mating functions. Our immediate use of it is in conjunction with Theorem 8.

In applying Theorems 8 and 9 it is often helpful to make use of the following fact.

n

[10] lim =0

n—w n!

for every real number x
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In 1748 Leonhard Euler used Equa-
tion 12 to find the value of e correct to
23 digits. In 2010 Shigeru Kondo, again
using the series in (12), computed e to
more than one trillion decimal places.
The special techniques employed to
speed up the computation are explained
on the website

numbers.computation.free.fr
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This is true because we know from Example 1 that the series 2 x"/n! converges for all x
and so its nth term approaches 0.

EXAMPLE 2 Prove that e* is equal to the sum of its Maclaurin series.

SOLUTION If f(x) = e*, then f"*"(x) = ¢* for all n. If d is any positive number and
|x| < d, then | * < e So Taylor’s Inequality, with @ = 0 and M = e*,
says that

ed

|R.(x)| < P

‘n+l

|x for |x| <d

Notice that the same constant M = ¢“ works for every value of n. But, from Equa-
tion 10, we have

d | |n+l

n+1
= e 11n1 -
| n—= (n + 1)!

lim ———— |
m X
n—= (n + 1)!

=0

It follows from the Squeeze Theorem that lim, ... | R,(x) | = 0 and therefore
lim,— R,(x) = O for all values of x. By Theorem 8, ¢* is equal to the sum of its
Maclaurin series, that is,

| =

@ =3

for all x ]

In particular, if we put x = 1 in Equation 11, we obtain the following expression for
the number e as a sum of an infinite series:

1 S U
—=1+—+—+—+ -
o n! 1! 2! 3!

(12

I
HMS

EXAMPLE 3 Find the Taylor series for f(x) = e*ata = 2.

SOLUTION We have f"(2) = ¢ and so, putting @ = 2 in the definition of a Taylor
series (6), we get

(n) o 2
s 2 (2)( —2>"=2%<x—2)"

n=0 n~ n=0

Again it can be verified, as in Example 1, that the radius of convergence is R = . As
in Example 2 we can verify that lim, ... R,(x) = 0, so

[3) =3 e— (x =2y forallx n
n=0 n

We have two power series expansions for e, the Maclaurin series in Equation 11 and
the Taylor series in Equation 13. The first is better if we are interested in values of x near
0 and the second is better if x is near 2.
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804 CHAPTER 11 Infinite Sequences and Series

EXAMPLE 4 Find the Maclaurin series for sin x and prove that it represents sin x for
all x.

SOLUTION We arrange our computation in two columns as follows:

f(x) = sin x f(0)=0
f'(x) = cos x ') =1
Figure 2 shows the graph of sin x Mo P
together with its Taylor (or Maclaurin) (x) = —sinx [0 =0
polynomials F"(x) = —cos x £7(0) = —
Ti(x) = x
3 FP(x) = sin x F90) =0
T5(x) = x — o
e s Since the derivatives repeat in a cycle of four, we can write the Maclaurin series as
T =x - 3+ o follows:
Notice that, as n increases, T,(x) f0) + ——= SO (0) x + f"0) 24+ /") X34+ ..
becomes a better approximation to 2! 3!
sin x. 3 5 7 2t
X X X
= —_— + _— + — 1 n
y TR TR T 2( )@ 1)
T,
1 +
;. Since F*V(x) is =sin x or =cos x, we know that | f"*"(x)| < 1 for all x. So we can
*  take M = 1 in Taylor’s Inequality:
y=sin x
\ } n+l
0 1 Yx M ntl| |x |
14 R, < =
14 | Ri0)| (n+1)!| | n+ 1)
T3
By Equation 10 the right side of this inequality approaches 0 as n — <, so
| R,(x) |— 0 by the Squeeze Theorem. It follows that R,(x) — 0 as n — °, so sin x is
FIGURE 2 equal to the sum of its Maclaurin series by Theorem 8. |

We state the result of Example 4 for future reference.

- el
e YR TR T
x2n+l
= —-1)" for all
HEO( 1) — on 1)1 or all x

EXAMPLE 5 Find the Maclaurin series for cos x.

SOLUTION We could proceed directly as in Example 4, but it’s easier to differentiate
the Maclaurin series for sin x given by Equation 15:

d . d X3 X3 x’
cosx=—@inx)=—((x——+_—+-——+ -
dx

dx 3! 5! 7!
3x2 5xt o 7x xr Xt x®
=1 -— 4 — - — 4 . =] - — 4+ — — — 4+ -
3! 5! 7! 2! 4! 6!
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The Maclaurin series for e*, sin x, and
cos x that we found in Examples 2, 4,
and 5 were discovered, using different
methods, by Newton. These equations
are remarkable because they say we
know everything about each of these
functions if we know all its derivatives
at the single number 0.

We have obtained two different series
representations for sin x, the Maclaurin
series in Example 4 and the Taylor
series in Example 7. It is best to use the
Maclaurin series for values of x near 0
and the Taylor series for x near /3.
Notice that the third Taylor polynomial
T in Figure 3 is a good approxima-
tion to sin x near 7r/3 but not as good
near 0. Compare it with the third
Maclaurin polynomial 75 in Figure 2,
where the opposite is true.

y

y=sinx

(=]
wly T+
~

T,

FIGURE 3

SECTION 11.10 Taylor and Maclaurin Series

805

Since the Maclaurin series for sin x converges for all x, Theorem 11.9.2 tells us that the
differentiated series for cos x also converges for all x. Thus

x> x*t x®
cosx=1—5+z—a+
= xZn
= Z:O(— 1) on)! for all x

EXAMPLE 6 Find the Maclaurin series for the function f(x) = x cos x.

SOLUTION Instead of computing derivatives and substituting in Equation 7, it’s easier
to multiply the series for cos x (Equation 16) by x:

xcosx =x > (—1)"

n=0

x2n

(2n)!

— S(-1y

n=0

x2n+l

(2n)!

EXAMPLE 7 Represent f(x) = sin x as the sum of its Taylor series centered at /3.

SOLUTION Arranging our work in columns, we have

f(x) = sin x

f'(x) = cos x

f"(x) = —sin x

f"(x) = —cos x

and this pattern repeats indefinitely. Therefore the Taylor series at /3 is

)

3)

1! 2!

iy,

(=)

ﬁ+1

2 2!

(-
(e-2) -4

///(1)
7T>2 f 3
— + —_—
3

3!

(x_§>”+...
(x_g)3+...

3!

The proof that this series represents sin x for all x is very similar to that in Example 4.
[Just replace x by x — 7/3 in (14).] We can write the series in sigma notation if we

separate the terms that contain ,/3:

sin x = i —(_1)}1\/? <x

ko

2(2n)! 3

n=0

2n
+

i ="

n=0

221 + 1)!

( 7T>2n+1
PP
3
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806 CHAPTER 11 Infinite Sequences and Series

The power series that we obtained by indirect methods in Examples 5 and 6 and in
Section 11.9 are indeed the Taylor or Maclaurin series of the given functions because
Theorem 5 asserts that, no matter how a power series representation f(x) = 2 c,(x — a)"
is obtained, it is always true that ¢, = f®(a)/n!. In other words, the coefficients are
uniquely determined.

EXAMPLE 8 Find the Maclaurin series for f(x) = (1 + x)*, where k is any real number.

SOLUTION Arranging our work in columns, we have

fl) = (1 + %) £0) =1
f(x) = k(1 + x)*! f0) =k
f'(x) = k(k — DA + x)? f"(0) = k(k — 1)

f"(0) = kk = Dk = 2)(1 + 07 f70) = k(k — Dk — 2)

PO == 1) o G+ D+ 0 90 =Kk — 1) e (k= + 1

Therefore the Maclaurin series of f(x) = (1 + x)is

i f<")(0)xn:§k(k—l)---(k—n+1)xn

n=0 n! n=0 n!

This series is called the binomial series. Notice that if k is a nonnegative integer, then
the terms are eventually O and so the series is finite. For other values of k none of the
terms is 0 and so we can try the Ratio Test. If the nth term is a,, then

A1 kk—1)---(k—n+ 1)k — n)x""! . n!
an (n+ 1) kk—1)---(k—n+ 1)x"
k
1__
|k = n]
= x| = |x| = |x] asn—e
n+1
1+ =
n

Thus, by the Ratio Test, the binomial series converges if | x| < 1 and diverges
if x| > 1. [ ]

The traditional notation for the coefficients in the binomial series is

(k)zk(k—l)(k—2)-~(k—n+1)

n n!

and these numbers are called the binomial coefficients.
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SECTION 11.10 Taylor and Maclaurin Series 807

The following theorem states that (1 + x)* is equal to the sum of its Maclaurin series.
It is possible to prove this by showing that the remainder term R,(x) approaches 0, but
that turns out to be quite difficult. The proof outlined in Exercise 85 is much easier.

The Binomial Series If k is any real number and |x| < 1, then

= [k k(k — 1 k(k — 1)(k — 2
14+ x0=> x"=1+kx+ ( )x2+ ( X )x3+-~
o \n 2! 3!

Although the binomial series always converges when | x| < 1, the question of whether
or not it converges at the endpoints, =1, depends on the value of k. It turns out that the
series converges at 1 if —1 < k < Oand atboth endpointsif & = 0. Notice thatif k is a pos-
itive integer and n > k, then the expression for (ﬁ) contains a factor (k — k), so (5): 0
for n > k. This means that the series terminates and reduces to the ordinary Binomial
Theorem when £ is a positive integer. (See Reference Page 1.)

1
EXAMPLE 9 Find the Maclaurin series for the function f(x) = ﬁ and its radius
of convergence. 4-x

SOLUTION We rewrite f(x) in a form where we can use the binomial series:

1 1 3 1 _l<1 1)1/2
N B 2\ 4
* 1/4(1—1> 2, /1 -~
4 4

Using the binomial series with k = —% and with x replaced by —x/4, we have

+ ...+
1 1+1 Jr1~32+1'3-53+ +1~3-5~---~(2n—1)n+
== — —x x x Y x DRy
2 8 2182 3183 n!8”"
We know from (17) that this series converges when | —x/4| < 1, that is, x| < 4, so
the radius of convergence is R = 4. |

We collect in the following table, for future reference, some important Maclaurin
series that we have derived in this section and the preceding one.
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808 CHAPTER 11 Infinite Sequences and Series
Table 1 "
. 1 n 2 3
Important Maclaurin = = 2 x"=1+x+x"+x"+--
Series and Their Radii "o
of Convergence . ) 5
=Y+ g
=0 1! 1! ! 3!
B K2t 3 e 7
=S (-1) R
St Ef Ly 315 7!
B x2n 2 x4 6
= —-1)" =1-—+——-—+
cos ¥ E()(Mn 20 4 6
x2n+l x3 xS )C7
t = D(- —x-— =+ -+
e %()244 T3 s T
n x2 x} X4
In(1 + 1"1 =x—-——+—-—-—+
a1+ 0= 3(-1) -
ok k(k — 1 k(k— 1)k — 2
(I+x0=2 " |Jx"=1+ket ( 2 4 KEZIX NC
o\ 1 2! 3!
EXAMPLE 10 Find th f th i ! ! + ! ! +
m € sum O € series - - el
1-2 222 3.2° 4-2*

Module 11.10/11.11 enables you
to see how successive Taylor polyno-
mials approach the original function.

SOLUTION With sigma notation we can write the given series as

ln
S L= Sy

n=1

Then from Table 1 we see that this series matches the entry for In(1 + x) with x = % So

2(1)"1 oY =mn(l +1)=1m3 m

One reason that Taylor series are important is that they enable us to integrate functions
that we couldn’t previously handle. In fact, in the introduction to this chapter we mentioned
that Newton often integrated functions by first expressing them as power series and then
integrating the series term by term. The function f(x) = ¢ *’ can’t be integrated by tech-
niques discussed so far because its antiderivative is not an elementary function (see Sec-
tion 7.5). In the following example we use Newton’s idea to integrate this function.

EXAMPLE 11

(a) Evaluate f e dx as an infinite series.

(b) Evaluate |} e " dx correct to within an error of 0.001.

SOLUTION
(a) First we find the Maclaurin series for f(x) = e Although it’s possible to use the
direct method, let’s find it simply by replacing x with —x? in the series for ¢* given in

Copyright 2016 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s).
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it.



We can take C = 0 in the antiderivative
in part (a).

Some computer algebra systems
compute limits in this way.

SECTION 11.10 Taylor and Maclaurin Series

Table 1. Thus, for all values of x,

2 o (_x2)n o x2n )C2 )C4 )C6
= —_— = —1)" =l-—+———+4+ ...
¢ g@ n! ,,EZO( L 120 3
Now we integrate term by term:
2 4 6 2n
—x2 — _X_ x__x_ — "x_
je a’x—f 1 1!+2! 3!+ + (—1) n!+ dx
x} xS x7 x2n+1
=C+x— + — + -+ (—=1)"
S R TR P TR Y 1)

— +
2n + Dn!

809

. . .. . —x2
This series converges for all x because the original series for e *" converges for all x.

(b) The Fundamental Theorem of Calculus gives

I X X X X
je"de X — + - + -
0 .

=11, L 1 _
=l=3+w" 171

~1 -1+ -3 + 35~ 07475

The Alternating Series Estimation Theorem shows that the error involved in this

approximation is less than

1 1
= —— < 0.001
-5 1320 000

Another use of Taylor series is illustrated in the next example. The limit could be

found with 1’Hospital’s Rule, but instead we use a series.

e"—1—x

x2

EXAMPLE 12 Evaluate lin(l)

SOLUTION Using the Maclaurin series for ¢, we have

X 2 3
l+—+=—+=+-- | -1-x
e"—1—x . 1! 2! 3!
lim ————— = lim 3
x—0 X x—0 X
xZ 3 4
=+ =—+=+
2! 3! 4!
= lim 5
x—0 X
) )C2 3 1
=lim|—-++"—+—=+ .. ==
x—0\ 2 3! 4! 5! 2

because power series are continuous functions.

Copyright 2016 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s).

Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it.



810 CHAPTER 11 Infinite Sequences and Series

@ Multiplication and Division of Power Series

If power series are added or subtracted, they behave like polynomials (Theorem 11.2.8
shows this). In fact, as the following example illustrates, they can also be multiplied and
divided like polynomials. We find only the first few terms because the calculations for
the later terms become tedious and the initial terms are the most important ones.

EXAMPLE 13 Find the first three nonzero terms in the Maclaurin series for (a) e* sin x
and (b) tan x.

SOLUTION
(a) Using the Maclaurin series for e¢* and sin x in Table 1, we have

. X xz X3 _x3
e‘simx=114+—"—"—+ "4+ "4 - Jx——"—+---
1! 2! 3! 31

We multiply these expressions, collecting like terms just as for polynomials:

w

1+ x+5x2+ i3+
X X — éx3 + .
X + x2+%x3+%x4+~
+ — it —lxt -
x+ x*+ %x3 +
Thus e'sinx=x+ x>+ x4+ ...
(b) Using the Maclaurin series in Table 1, we have
x* X
sin x Y st
tan x = = 3 7
coS X X X
21 41

We use a procedure like long division:

—%x2+21jx4—"')x—%x3 + Lxt -
x— i+ 4gxt -
= x4+
I Bl
x4
Thus tanx =x + x> + x5+ - ]

Although we have not attempted to justify the formal manipulations used in Exam-
ple 13, they are legitimate. There is a theorem which states that if both f(x) = X ¢,x"
and g(x) = X b,x" converge for | x| < R and the series are multiplied as if they were
polynomials, then the resulting series also converges for | x| < R and represents f(x)g(x).
For division we require by # 0; the resulting series converges for sufficiently small | x|.

Copyright 2016 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s).
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it.



11.10 EXERCISES

1. If f(x) = 27— b,(x — 5)" for all x, write a formula for bs.
2. The graph of f is shown.
y

(a) Explain why the series
1.6 — 0.8(x — 1) + 0.4(x — 1)*> = 0.1(x — 1)* + - -

is not the Taylor series of f centered at 1.
(b) Explain why the series

28 +05(x—2) +15x—22—01(x—27>+---
is not the Taylor series of f centered at 2.

3. If f0) = (n + 1)! forn =0,1,2,..., find the Maclaurin
series for f and its radius of convergence.

4. Find the Taylor series for f centered at 4 if

(—1)"n!

n) —
o 3"(n + 1)

What is the radius of convergence of the Taylor series?

5-10 Use the definition of a Taylor series to find the first four

nonzero terms of the series for f(x) centered at the given value of a.

5. f(x) =xe*, a=0 6. f(x) = . a=2

8. f(x)=Inx, a=1
10. f(x) =cos’x, a=0

7. f) =Vx, a=3
9. f(x) =sinx, a=m/6

11-18 Find the Maclaurin series for f(x) using the definition of
a Maclaurin series. [Assume that f has a power series expansion.
Do not show that R,(x) — 0.] Also find the associated radius of
convergence.

1. f(x) = (1 — x)? 12. f(x) =In(1 + x)
13. f(x) = cos x 14. f(x) =e ™

15. f(x) =2* 16. f(x) = xcosx
17. f(x) = sinh x 18. f(x) = cosh x

19-26 Find the Taylor series for f(x) centered at the given value
of a. [Assume that f has a power series expansion. Do not show
that R,(x) — 0.] Also find the associated radius of convergence.

19. f(x) =x>+2x*+x, a=2

SECTION 11.10 Taylor and Maclaurin Series 811

20. f(x)=x*—x*+2, a=-2
21. f(x) =Ilnx, a=2
23. f(x) =e*, a=3

22, f(x) =1/x, a= -3
24. f(x) =cosx, a=m/2

25, f(x) =sinx, a=m 26. f(x) = \/;, a=16

27. Prove that the series obtained in Exercise 13 represents cos x
for all x.

28. Prove that the series obtained in Exercise 25 represents sin x
for all x.

29. Prove that the series obtained in Exercise 17 represents sinh x
for all x.

30. Prove that the series obtained in Exercise 18 represents cosh x
for all x.

31-34 Use the binomial series to expand the function as a power
series. State the radius of convergence.

31. /1 —x 32, 8 + x

1

33, ——
2+ x?

34. (1 — x)**

35-44 Use a Maclaurin series in Table 1 to obtain the Maclaurin
series for the given function.

35. f(x) = arctan(x?) 36. f(x) = sin(mx/4)

37. f(x) = xcos2x 38. f(x) =¥ — ¥

39. f(x) = xcos(%xz) 40. f(x) = x*In(1 + x?)

.X2

X
SN RN

43. f(x) = sin’x [Hint: Use sin’x = 3(1 — cos 2x).]

41

X — sinx

- if x # 0
44. f(x) = X

=

if x=0

45-48 Find the Maclaurin series of f (by any method) and its

radius of convergence. Graph f and its first few Taylor polynomials
on the same screen. What do you notice about the relationship
between these polynomials and f?

45, f(x) = cos(x?)
47. f(x) = xe™*

46. f(x) =1In(1 + x?)
48. f(x) = tan '(x°)

49. Use the Maclaurin series for cos x to compute cos 5° correct
to five decimal places.
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812 CHAPTER 11 Infinite Sequences and Series

50. Use the Maclaurin series for e* to calculate 1/ '(72 correct to

five decimal places.

(a) Use the binomial series to expand 1/4/1 — x2.
(b) Use part (a) to find the Maclaurin series for sin”~'x.

51.

52. (a) Expand 1/{/1 + x asa pOWer series.
(b) Use part (a) to estimate 1/ /1.1 correct to three decimal

places.

53-56 Evaluate the indefinite integral as an infinite series.

53. j\/l + x3 dx 54. IXZSiH(XZ) dx

cosx — 1

55. j .

dx 56. j arctan(x?) dx

57-60 Use series to approximate the definite integral to within
the indicated accuracy.

57. jol/z x*arctan x dx  (four decimal places)
58. jol sin(x*) dx (four decimal places)
59. jOOA J1 + x* dx (\ error| < 5 X 1076)

60. joosze*“zdx (|efr°r| < 0'001)

61-65 Use series to evaluate the limit.

— In(1 + 1 -
61. lim *— 10U+ 62. lim —
x—0 X =0 1 +x—e"
. 1
63. lim > T et )2 o’
x—0 X
Ji+x —1-1
64. lim Y— 2%
x—0 X
= 3x + 3tan”
65. lim —— A1 %
x—0 X
66. Use the series in Example 13(b) to evaluate
3 tanx — x
ti, S5

We found this limit in Example 6.8.4 using 1’'Hospital’s Rule
three times. Which method do you prefer?

67-72 Use multiplication or division of power series to find the

first three nonzero terms in the Maclaurin series for each function.

67. y = e cosx 68. y = secx

69. y =

; 70. y =¢*In(1 + x)
sin x

71. y = (arctan x)? 72. y = e*sin’ x

Y

K<

73-80 Find the sum of the series.

© x4n 0 (_ 1)n 77271
73. -1)"'— 74. —
,12:0( ) n! g) 6>"(2n)!
o 371 © n
75 3 (1) 76. > —
n=1 n 5” n=0 5"n!
£ (7 l)n T 2n+1
77. 2 5
Zo 421 2n + 1)!
In 2)* In 2)°
78.1 -2 20 (27,
2! 3!
9 27 81
79. 3 + ; + ? + I
1 1 1 1
80. - T+ - - —+
-2 3-2 5.2 7-2
81. Show that if p is an nth-degree polynomial, then
L pY ()
plx+1) =3 pi'
i=0 il
82. If f(x) = (1 + x*)*, whatis f°¥(0)?
83. Prove Taylor’s Inequality for n = 2, that is, prove that if
| f"(x)| < M for |x — a| < d, then
M
\Rz()c)|$?|x—a|3 for|x —a|<d
84. (a) Show that the function defined by
e i x#0
fo = {0 if x=0
is not equal to its Maclaurin series.
(b) Graph the function in part (a) and comment on its behav-
ior near the origin.
85. Use the following steps to prove (17).
(a) Letg(x) = =, (’;)x". Differentiate this series to show
that
kg(x)
x) = —— -1<x<1
g 1 +x *
(b) Let h(x) = (1 + x) “g(x) and show that h'(x) = 0.
(c) Deduce that g(x) = (1 + x)*.
86. In Exercise 10.2.53 it was shown that the length of the ellipse

X =a sinf,y = b cosf, where a > b > 0, is
L=4a " JT=c?sin% do

where e = \/a? — b?/a is the eccentricity of the ellipse.

Expand the integrand as a binomial series and use the
result of Exercise 7.1.50 to express L as a series in powers of
the eccentricity up to the term in e°®.
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LABORATORY PROJECT [H AN ELUSIVE LIMIT

This project deals with the function

sin(tan x) — tan(sin x)

fx) =

arcsin(arctan x) — arctan(arcsin x)

1. Use your computer algebra system to evaluate f(x) for x = 1, 0.1, 0.01, 0.001, and 0.0001.
Does it appear that f has a limit as x — 0?

2. Use the CAS to graph f near x = 0. Does it appear that f has a limit as x —07?

3. Try to evaluate lim, .o f(x) with I’'Hospital’s Rule, using the CAS to find derivatives of the
numerator and denominator. What do you discover? How many applications of 1’Hospital’s
Rule are required?

4. Evaluate lim,_. f(x) by using the CAS to find sufficiently many terms in the Taylor series
of the numerator and denominator. (Use the command taylor in Maple or Series in
Mathematica.)

5. Use the limit command on your CAS to find lim,_ f(x) directly. (Most computer algebra
systems use the method of Problem 4 to compute limits.)

6. In view of the answers to Problems 4 and 5, how do you explain the results of Problems 1
and 2?

WRITING PROJECT HOW NEWTON DISCOVERED THE BINOMIAL SERIES

The Binomial Theorem, which gives the expansion of (a + b)*, was known to Chinese mathe-
maticians many centuries before the time of Newton for the case where the exponent & is a
positive integer. In 1665, when he was 22, Newton was the first to discover the infinite series
expansion of (a + b)* when k is a fractional exponent (positive or negative). He didn’t publish
his discovery, but he stated it and gave examples of how to use it in a letter (now called the epis-
tola prior) dated June 13, 1676, that he sent to Henry Oldenburg, secretary of the Royal Society
of London, to transmit to Leibniz. When Leibniz replied, he asked how Newton had discovered
the binomial series. Newton wrote a second letter, the epistola posterior of October 24, 1676,
in which he explained in great detail how he arrived at his discovery by a very indirect route.
He was investigating the areas under the curves y = (1 — X2 from 0to x forn =0, 1,2, 3,
4, ....These are easy to calculate if n is even. By observing patterns and interpolating, Newton
was able to guess the answers for odd values of n. Then he realized he could get the same
answers by expressing (1 — x?)"/? as an infinite series.

Write a report on Newton’s discovery of the binomial series. Start by giving the statement
of the binomial series in Newton’s notation (see the epistola prior on page 285 of [4] or page
402 of [2]). Explain why Newton’s version is equivalent to Theorem 17 on page 807. Then
read Newton’s epistola posterior (page 287 in [4] or page 404 in [2]) and explain the patterns
that Newton discovered in the areas under the curves y = (1 — x2)"2. Show how he was able
to guess the areas under the remaining curves and how he verified his answers. Finally, explain
how these discoveries led to the binomial series. The books by Edwards [1] and Katz [3] contain
commentaries on Newton’s letters.

1. C. H. Edwards, The Historical Development of the Calculus (New York: Springer-Verlag,
1979), pp. 178-187.

2. John Fauvel and Jeremy Gray, eds., The History of Mathematics: A Reader (London:
MacMillan Press, 1987).

3. Victor Katz, A History of Mathematics: An Introduction (New York: HarperCollins, 1993),
pp. 463-466.

4, D.J. Struik, ed., A Sourcebook in Mathematics, 1200—1800 (Princeton, NJ: Princeton
University Press, 1969).

Copyright 2016 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s).
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it.



814

CHAPTER 11

Infinite Sequences and Series

11.11 Applications of Taylor Polynomials

7

0
FIGURE 1
x=0.2 x=3.0
T>(x) 1.220000 8.500000
Ty(x) 1.221400 16.375000
To(x) 1.221403 19.412500
Ts(x) 1.221403 20.009152
Tio(x) 1.221403 20.079665
e 1.221403 20.085537

In this section we explore two types of applications of Taylor polynomials. First we look
at how they are used to approximate functions—computer scientists like them because
polynomials are the simplest of functions. Then we investigate how physicists and engi-
neers use them in such fields as relativity, optics, blackbody radiation, electric dipoles,
the velocity of water waves, and building highways across a desert.

B Approximating Functions by Polynomials

Suppose that f(x) is equal to the sum of its Taylor series at a:

o (n)
1@ =3 0 ay

n=0

In Section 11.10 we introduced the notation T,(x) for the nth partial sum of this series
and called it the nth-degree Taylor polynomial of f at a. Thus

n (i)
mm=§i§3@—w

FAC) x—a)+ fa)
1! 2!

(x —a)*+ -~

- f(n)(a) (x B a)”
n!

=fla) +

Since f is the sum of its Taylor series, we know that T,,(x) — f(x) as n — % and so T,
can be used as an approximation to f: f(x) = T,(x).
Notice that the first-degree Taylor polynomial

Ti(x) = f(a) + f'(a)(x — a)

is the same as the linearization of f at a that we discussed in Section 2.9. Notice also that
T, and its derivative have the same values at a that f and f’ have. In general, it can be
shown that the derivatives of T, at a agree with those of f up to and including derivatives
of order n.

To illustrate these ideas let’s take another look at the graphs of y = e* and its first
few Taylor polynomials, as shown in Figure 1. The graph of 7; is the tangent line to
y = e* at (0, 1); this tangent line is the best linear approximation to e* near (0, 1). The
graph of T is the parabola y = 1 4+ x + x%/2, and the graph of T3 is the cubic curve
y =1+ x + x*/2 + x/6, which is a closer fit to the exponential curve y = ¢* than T>.
The next Taylor polynomial 7, would be an even better approximation, and so on.

The values in the table give a numerical demonstration of the convergence of the Tay-
lor polynomials 7,(x) to the function y = e*. We see that when x = 0.2 the convergence
is very rapid, but when x = 3 it is somewhat slower. In fact, the farther x is from 0, the
more slowly 7,(x) converges to e*.

When using a Taylor polynomial 7, to approximate a function f, we have to ask the
questions: How good an approximation is it? How large should we take » to be in order
to achieve a desired accuracy? To answer these questions we need to look at the absolute
value of the remainder:

|R(x) [ = [ f(x) = T(x) |
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SECTION 11.11 Applications of Taylor Polynomials 815

There are three possible methods for estimating the size of the error:

1. If a graphing device is available, we can use it to graph | R,(x) | and thereby
estimate the error.

2. If the series happens to be an alternating series, we can use the Alternating
Series Estimation Theorem.

3. Inall cases we can use Taylor’s Inequality (Theorem 11.10.9), which says that if
| f"*(x)| < M, then

n+l1

|R,(x) | < |x — al

(n+ 1!

EXAMPLE 1
(a) Approximate the function f(x) = Jx by a Taylor polynomial of degree 2 at a = 8.
(b) How accurate is this approximation when 7 < x < 97

SOLUTION

(a) fx) = x =x' f®) =2
filx) = x5 '8 =15
fr@) = =5x7" £'®) = 1m

fm(x) — %x78/3

Thus the second-degree Taylor polynomial is

f'®)

T(x— 8) + ——=(x — 8)’

T = f8) + L

=2+ {5(x — 8) — zg(x — 8
The desired approximation is
Jx = To(x) =2 + 5(x — 8) — 55(x — 8)?

(b) The Taylor series is not alternating when x < 8, so we can’t use the Alternating
Series Estimation Theorem in this example. But we can use Taylor’s Inequality with
n=2anda = 8:

M
| Rx(x) | $§\x— 8|

where | f”(x) | < M. Because x = 7, we have x** = 7% and so

1 10

" 10

Therefore we can take M = 0.0021. Also7 =x<9,s0 -1 <x — 8 <1 and
|x — 8] < 1. Then Taylor’s Inequality gives

0.0021 ,  0.0021
|Ry(x)| < —— I’ = ——— < 0.0004
3! 6
Thus, if 7 < x < 9, the approximation in part (a) is accurate to within 0.0004. |
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816 CHAPTER 11 Infinite Sequences and Series

Let’s use a graphing device to check the calculation in Example 1. Figure 2 shows
that the graphs of y = ¢/x and y = T(x) are very close to each other when x is near 8.
Figure 3 shows the graph of | Ry(x) | computed from the expression

|Ro(x)| = |v/x — Ta(x)|

We see from the graph that

| Ry(x)| < 0.0003

FIGURE 2 when 7 < x < 9. Thus the error estimate from graphical methods is slightly better than
0.0003 the error estimate from Taylor’s Inequality in this case.
EXAMPLE 2
(a) What is the maximum error possible in using the approximation
¥ = |Ry(x)]
I3 o
SIn x = x — 3 + 50
7 9
0 when —0.3 < x =< 0.37 Use this approximation to find sin 12° correct to six decimal
places.
FIGURE 3

(b) For what values of x is this approximation accurate to within 0.00005?

SOLUTION
(a) Notice that the Maclaurin series

3 xS x7

sinx=x——+_————--+
3! st 7!
is alternating for all nonzero values of x, and the successive terms decrease in size
because | x| < 1, so we can use the Alternating Series Estimation Theorem. The error
in approximating sin x by the first three terms of its Maclaurin series is at most

|x[

~ 5040

7!

If —0.3 < x < 0.3, then | x| < 0.3, so the error is smaller than

(0.3)’
5040

~43 X% 1078

To find sin 12° we first convert to radian measure:

T T\ 1 T\ 1
~——|—|—+|— | =—=0.20791169
15 <15> 3! (15) 5!
Thus, correct to six decimal places, sin 12° = 0.207912.
(b) The error will be smaller than 0.00005 if
| x|

— < 0.
5040 0.00005

Copyright 2016 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s).
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it.



Module 11.10/11.11 graphically
shows the remainders in Taylor poly-
nomial approximations.

43 %107
¥y = |Rs(x)]
-0.3 0.3
0
FIGURE 4
0.00006
| y=0.00005 |
¥ =|Rg(x)]|
-1 1
FIGURE 5
FIGURE 6

SECTION 11.11 Applications of Taylor Polynomials 817

Solving this inequality for x, we get
|x["<0252 or |x|<(0252)" =0.821

So the given approximation is accurate to within 0.00005 when | x| < 0.82. |

What if we use Taylor’s Inequality to solve Example 2? Since f”(x) = —cos x, we
have | f?(x)| < 1 and so

1
[Ri(0)] = =]

So we get the same estimates as with the Alternating Series Estimation Theorem.
What about graphical methods? Figure 4 shows the graph of

| Re(x) | = |Sinx— (x— éx3 +11%x5)|

and we see from it that | Rg(x) | < 4.3 X 107® when | x| =< 0.3. This is the same estimate
that we obtained in Example 2. For part (b) we want | Rg(x) | < 0.00003, so we graph
both y = | Re(x) | and y = 0.00005 in Figure 5. By placing the cursor on the right inter-
section point we find that the inequality is satisfied when |x| < 0.82. Again this is the
same estimate that we obtained in the solution to Example 2.

If we had been asked to approximate sin 72° instead of sin 12° in Example 2, it would
have been wise to use the Taylor polynomials at a = /3 (instead of a = 0) because
they are better approximations to sin x for values of x close to 7/3. Notice that 72° is
close to 60° (or 7r/3 radians) and the derivatives of sin x are easy to compute at /3.

Figure 6 shows the graphs of the Maclaurin polynomial approximations

3

Ti(x) = x T3(x) = x — %
x3 x5 x3 )CS x7
T5(x)=x—¥+§ T7(x)=x—§+§—F

to the sine curve. You can see that as n increases, T,(x) is a good approximation to sin x
on a larger and larger interval.

T;

0 X

y=sin x

T, \T,

One use of the type of calculation done in Examples 1 and 2 occurs in calculators and
computers. For instance, when you press the sin or e* key on your calculator, or when
a computer programmer uses a subroutine for a trigonometric or exponential or Bessel
function, in many machines a polynomial approximation is calculated. The polynomial
is often a Taylor polynomial that has been modified so that the error is spread more
evenly throughout an interval.
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818 CHAPTER 11 Infinite Sequences and Series

B Applications to Physics

Taylor polynomials are also used frequently in physics. In order to gain insight into an
equation, a physicist often simplifies a function by considering only the first two or three
terms in its Taylor series. In other words, the physicist uses a Taylor polynomial as an
approximation to the function. Taylor’s Inequality can then be used to gauge the accu-
racy of the approximation. The following example shows one way in which this idea is
used in special relativity.

EXAMPLE 3 1In Einstein’s theory of special relativity the mass of an object moving
with velocity v is
mo
me=—
1 —v?/c?
where my is the mass of the object when at rest and c is the speed of light. The kinetic
energy of the object is the difference between its total energy and its energy at rest:

K = mc?* — myc?

(a) Show that when v is very small compared with c, this expression for K agrees
with classical Newtonian physics: K = %movz.

(b) Use Taylor’s Inequality to estimate the difference in these expressions for K
when |v| < 100 m/s.

SOLUTION
(a) Using the expressions given for K and m, we get

2 2 mocz 2 2 v\
K =mc” — myc- = —F———= — moc”~ = myc 1 —— -1

1 —v%/c? c

With x = —%/¢2, the Maclaurin series for (1 + x)~/? is most easily computed as a

binomial series with k = —3. (Notice that | x| < 1 because v < c.) Therefore we have
The upper curve in Figure 7 is the
graph of the expression for the kinetic
energy K of an object with velocity v (_l)(_é) (_L)(_é)(_é)

- 1 2\ 2 PIANPYAN)
in special relativity. The lower curve (1+x"=1- X+ x® + Xt
. . . 2! 3!
shows the function used for K in classi-
cal Newtonian physics. When v is much 1 3.2 5.3
; =1—gx+3x>— 22 +
smaller than the speed of light, the X T Rr 6%
curves are practically identical.
. d K : 1+102+304+5v"’+ 1
an = mocC _—— _—— —_— P —
0 2 ¢ 8¢t 16 c°
K =mc? — myc?
! 2102+3v4+5v6+
—mocl ——+ = =7
22 T8t 16 c°

If v is much smaller than c, then all terms after the first are very small when compared
with the first term. If we omit them, we get

1 v?
K= mocz<5 ?> = %movz

FIGURE 7
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SECTION 11.11 Applications of Taylor Polynomials 819

(b) If x = —v%/c% f(x) = moc?[(1 + x)”"* — 1], and M is a number such that
| f"(x)| < M, then we can use Taylor’s Inequality to write

M
|Ri(x)| < 7)(2

We have f"(x) = 3moc*(1 + x)~¥? and we are given that || < 100 m/s, so

3moc? 3moc?
1 — <
0 = = e = W= 1007

(=M)

Thus, with ¢ = 3 X 10® m/s,

1 3moc? _ 100*
2 a1 — 100Y2)

|Ri(x)]| < < (4.17 X 107")m,

So when || < 100 m/s, the magnitude of the error in using the Newtonian expression
for kinetic energy is at most (4.2 X 107'%)m,,. [

Another application to physics occurs in optics. Figure 8 is adapted from Optics,
4th ed., by Eugene Hecht (San Francisco, 2002), page 153. It depicts a wave from the
point source S meeting a spherical interface of radius R centered at C. The ray SA is
refracted toward P.

FIGURE 8
Refraction at a spherical interface | Sy s;

Source: Adapted from E. Hecht, Optics, 4e (Upper
Saddle River, NJ: Pearson Education, 2002).

Using Fermat’s principle that light travels so as to minimize the time taken, Hecht
derives the equation

n n 1 [ nos; ms,
@ —1+—2=—(—2 _ s )

€& € R\ ¢ £,

where n, and n» are indexes of refraction and €,, €;, s,, and s; are the distances indicated
in Figure 8. By the Law of Cosines, applied to triangles ACS and ACP, we have

(2] ¢, =R>+ (s, + R)> — 2R(s, + R) cos ¢

Here we use the identity
cos(m — ¢) = —cos ¢ £ = \/R2 + (s; — R)*> + 2R(s; — R) cos ¢
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Because Equation 1 is cumbersome to work with, Gauss, in 1841, simplified it by using
the linear approximation cos ¢ = 1 for small values of ¢. (This amounts to using the
Taylor polynomial of degree 1.) Then Equation 1 becomes the following simpler equa-
tion [as you are asked to show in Exercise 34(a)]:

ny ny ny — Ny

(3) PR

So Ry R
The resulting optical theory is known as Gaussian optics, or first-order optics, and has
become the basic theoretical tool used to design lenses.

A more accurate theory is obtained by approximating cos ¢ by its Taylor polynomial
of degree 3 (which is the same as the Taylor polynomial of degree 2). This takes into
account rays for which ¢ is not so small, that is, rays that strike the surface at greater
distances & above the axis. In Exercise 34(b) you are asked to use this approximation to
derive the more accurate equation

@ mym_rmm el (U L) o (L LY
So S R 25, \ S, R 2si \ R Si

The resulting optical theory is known as third-order optics.
Other applications of Taylor polynomials to physics and engineering are explored in

Exercises 32, 33, 35, 36, 37, and 38, and in the Applied Project on page 823.

11.11 EXERCISES

Y|
K<

1. (a) Find the Taylor polynomials up to degree 5 for
f(x) = sin x centered at @ = 0. Graph f and these
polynomials on a common screen.
(b) Evaluate f and these polynomials at x = /4, 7w/2,
and .
(c) Comment on how the Taylor polynomials converge

to f(x).

2. (a) Find the Taylor polynomials up to degree 3 for
f(x) = tan x centered at @ = 0. Graph f and these
polynomials on a common screen.

(b) Evaluate f and these polynomials at x = /6, /4,
and /3.
(c) Comment on how the Taylor polynomials converge

to f(x).

3-10 Find the Taylor polynomial 73(x) for the function f

centered at the number a. Graph f and 75 on the same screen.

3. /() =¢. a=1

4. f(x) =sinx, a=m/6
5. f(x) = cosx, a=m/2
6. f(x) = e sinx, a=0

7. f(x) =Inx, a=1

8. f(x) =xcosx, a=0
9. f(x) =xe™, a=0

10. f(x) =tan'x, a=1

3 11-12 Use a computer algebra system to find the Taylor poly-

nomials 7, centered at a for n = 2, 3, 4, 5. Then graph these
polynomials and f on the same screen.

11. f(x) =cotx, a=m/4

12. f() =Y1+x2, a=0

13-22
(a) Approximate f by a Taylor polynomial with degree n at the
number a.

(b) Use Taylor’s Inequality to estimate the accuracy of the approxi-

mation f(x) = T,(x) when x lies in the given interval.

(c) Check your result in part (b) by graphing | R,(x) |.

13. fx)=1/x, a=1, n=2, 07<x<13

14. f(x) =xY% a=4, n=2, 35<x<45
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15. f(x) =x*} a=1 n=3, 08<x=<12

16. f(x) =sinx, a=m/6, n=4, 0sx<mw/3

17. f(x) =secx, a=0, n=2, —02=<x<02

18. f(x) =In(1 +2x), a=1, n=3, 05<x<15

19. f) =e¢", a=0 n=3 0<x=<0.l

20. f(x) =xInx, a=1, n=3, 05<x=<15

21. f(x) =xsinx, a=0, n=4, —-1<x<1

22, f(x) =sinh2x, a=0, n=5 —-1<x<1

23. Use the information from Exercise 5 to estimate cos 80°
correct to five decimal places.

24. Use the information from Exercise 16 to estimate sin 38°
correct to five decimal places.

25. Use Taylor’s Inequality to determine the number of terms
of the Maclaurin series for e¢* that should be used to esti-
mate ¢! to within 0.00001.

26. How many terms of the Maclaurin series for In(1 + x) do

you need to use to estimate In 1.4 to within 0.001?

27-29 Use the Alternating Series Estimation Theorem or
Taylor’s Inequality to estimate the range of values of x for
which the given approximation is accurate to within the stated
error. Check your answer graphically.

3

27. sin x = x — % (|error| < 0.01)

x* X!
28. cosx = 1 — 7 + a (\error| < 0.005)
x3 xS
29, arctan x = x — EY + ' (| error | < 0.05)
30. Suppose you know that
(=1)"n!
Mgy = ————
@ 3"(n + 1)

and the Taylor series of f centered at 4 converges to f(x)
for all x in the interval of convergence. Show that the fifth-
degree Taylor polynomial approximates f(5) with error
less than 0.0002.
31. A car is moving with speed 20 m/s and acceleration
2 m/s” at a given instant. Using a second-degree Taylor
polynomial, estimate how far the car moves in the next
second. Would it be reasonable to use this polynomial to
estimate the distance traveled during the next minute?

Y|
K<

[AM
1]

32.

33.

34.

35.

SECTION 11.11 Applications of Taylor Polynomials 821

The resistivity p of a conducting wire is the reciprocal of the
conductivity and is measured in units of ohm-meters ({)-m).
The resistivity of a given metal depends on the temperature
according to the equation

p() = onewizo)
where ¢ is the temperature in °C. There are tables that list the
values of « (called the temperature coefficient) and p,o (the
resistivity at 20°C) for various metals. Except at very low
temperatures, the resistivity varies almost linearly with tem-
perature and so it is common to approximate the expression
for p(z) by its first- or second-degree Taylor polynomial
att = 20.
(a) Find expressions for these linear and quadratic
approximations.
For copper, the tables give @ = 0.0039/°C and
p2 = 1.7 X 107* Q-m. Graph the resistivity of copper
and the linear and quadratic approximations for
—250°C < ¢ < 1000°C.
For what values of 7 does the linear approximation agree
with the exponential expression to within one percent?

(b)

©

An electric dipole consists of two electric charges of equal
magnitude and opposite sign. If the charges are ¢ and —¢ and
are located at a distance d from each other, then the electric
field E at the point P in the figure is

q q
E=—"+— - —"
(D + d)?

By expanding this expression for E as a series in powers of

d/D, show that E is approximately proportional to 1/D?
when P is far away from the dipole.

P

} D 1 d 1

(a) Derive Equation 3 for Gaussian optics from Equation 1
by approximating cos ¢ in Equation 2 by its first-degree
Taylor polynomial.

(b) Show that if cos ¢ is replaced by its third-degree Taylor
polynomial in Equation 2, then Equation 1 becomes
Equation 4 for third-order optics. [Hint: Use the first two
terms in the binomial series for ¢, ' and €;'. Also, use

¢ =~ sin ¢.]

If a water wave with length L moves with velocity v across a
body of water with depth d, as in the figure on page 822, then
, gL 2md

v —tanh ——
2 L

(a) If the water is deep, show that v = /gL/(27).
(b) If the water is shallow, use the Maclaurin series for tanh

to show that v = +/gd . (Thus in shallow water the
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36.

37.

CHAPTER 11 Infinite Sequences and Series

velocity of a wave tends to be independent of the length of
the wave.)

(c) Use the Alternating Series Estimation Theorem to show
that if L > 10d, then the estimate v* = gd is accurate to
within 0.014gL.

A uniformly charged disk has radius R and surface charge den-
sity o as in the figure. The electric potential V at a point P ata
distance d along the perpendicular central axis of the disk is

V = 2wk (yd? + R* — d)

where k, is a constant (called Coulomb’s constant). Show that

wk,R*o
V= VR for large d

If a surveyor measures differences in elevation when making

plans for a highway across a desert, corrections must be made

for the curvature of the earth.

(a) If R is the radius of the earth and L is the length of the
highway, show that the correction is

C =Rsec(L/R) — R
(b) Use a Taylor polynomial to show that

oo L, s
2R 24R

(c) Compare the corrections given by the formulas in parts (a)
and (b) for a highway that is 100 km long. (Take the radius
of the earth to be 6370 km.)

38. The period of a pendulum with length L that makes a maxi-

39.

mum angle 6, with the vertical is

L (7/2
T—4 \fj o dx
g Jo 1 —k*sin’x

where k = Sin(jloo) and g is the acceleration due to gravity.

(In Exercise 7.7.42 we approximated this integral using

Simpson’s Rule.)

(a) Expand the integrand as a binomial series and use the
result of Exercise 7.1.50 to show that

L IS,
T=2m\|— |1+ 7k +
g 2

If 0, is not too large, the approximation 7 = 2mw+/L/g,
obtained by using only the first term in the series, is often
used. A better approximation is obtained by using two

terms:
T= 277\/5(1 +1k7)

Notice that all the terms in the series after the first one have
coefficients that are at most 31. Use this fact to compare this
series with a geometric series and show that

L L 4—3k?
277\/> (1 +}1k2)ST$277\/>2
g g 4— 4k

(c) Use the inequalities in part (b) to estimate the period of
a pendulum with L = 1 meter and 6, = 10°. How does
it compare with the estimate 7 = 2m+/L/g? What if
9() = 42°7

1232

e K+

123252
Y KT

(b

~

In Section 3.8 we considered Newton’s method for approxi-
mating a root r of the equation f(x) = 0, and from an initial
approximation x; we obtained successive approximations
X5, X3, . . ., Where

ACD)
I

Xn+1 = X

Use Taylor’s Inequality with n = 1, a = x,, and x = r to show
that if f”(x) exists on an interval / containing r, x,, and x,+1,
and | f"(x)| < M, | f'(x)| = K for all x € I, then

i = r < o[, = o

gi
2K

[This means that if x, is accurate to d decimal places, then x4,
is accurate to about 2d decimal places. More precisely, if the
error at stage n is at most 107", then the error at stage n + 1 is
at most (M/2K)1072"]
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Any object emits radiation when heated. A blackbody is a system that absorbs all the radiation
that falls on it. For instance, a matte black surface or a large cavity with a small hole in its wall
(like a blast furnace) is a blackbody and emits blackbody radiation. Even the radiation from the
sun is close to being blackbody radiation.

Proposed in the late 19th century, the Rayleigh-Jeans Law expresses the energy density of
blackbody radiation of wavelength A as

8mkT
A4

J@) =

where A is measured in meters, 7 is the temperature in kelvins (K), and & is Boltzmann’s con-
stant. The Rayleigh-Jeans Law agrees with experimental measurements for long wavelengths
but disagrees drastically for short wavelengths. [The law predicts that f(A) — © as A — 07 but
experiments have shown that f(A) — 0.] This fact is known as the ultraviolet catastrophe.

In 1900 Max Planck found a better model (known now as Planck’s Law) for blackbody
radiation:

Luke Dodd / Science Source

8mwheA?
f) = S He/OKT) —

where A is measured in meters, 7 is the temperature (in kelvins), and

h = Planck’s constant = 6.6262 X 107*]s
¢ = speed of light = 2.997925 X 10®m/s

k = Boltzmann’s constant = 1.3807 X 10~* J/K
1. Use I’Hospital’s Rule to show that
)\IEEL fA)=0 and )\lgr}o fA)=0

for Planck’s Law. So this law models blackbody radiation better than the Rayleigh-Jeans
Law for short wavelengths.

2. Use a Taylor polynomial to show that, for large wavelengths, Planck’s Law gives approxi-
mately the same values as the Rayleigh-Jeans Law.

] 3. Graph f as given by both laws on the same screen and comment on the similarities and
differences. Use 7= 5700 K (the temperature of the sun). (You may want to change from
meters to the more convenient unit of micrometers: 1 mm = 107°m.)

4. Use your graph in Problem 3 to estimate the value of A for which f(A) is a maximum under
Planck’s Law.

/Y 5. Investigate how the graph of f changes as T varies. (Use Planck’s Law.) In particular,
graph f for the stars Betelgeuse (7" = 3400 K), Procyon (7" = 6400 K), and Sirius
(T = 9200 K), as well as the sun. How does the total radiation emitted (the area under
the curve) vary with 7? Use the graph to comment on why Sirius is known as a blue star and
Betelgeuse as a red star.
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@) review

CONCEPT CHECK

CHAPTER 11 Infinite Sequences and Series

Answers to the Concept Check can be found on the back endpapers.

1. (a) What s a convergent sequence?
(b) What is a convergent series?
(c) What does lim, ... @, = 3 mean?
(d) What does 2, a, = 3 mean?

2. (a) What is a bounded sequence?
(b) What is a monotonic sequence?
(c) What can you say about a bounded monotonic sequence?

3. (a) What is a geometric series? Under what circumstances is
it convergent? What is its sum?
(b) What is a p-series? Under what circumstances is it
convergent?

4. Suppose 2 a, = 3 and s, is the nth partial sum of the series.
What is lim,, ... a,? What is lim, .. 5,,?

5. State the following.
(a) The Test for Divergence
(b) The Integral Test
(c) The Comparison Test
(d) The Limit Comparison Test
(e) The Alternating Series Test
(f) The Ratio Test
(g) The Root Test

6. (a) What is an absolutely convergent series?
(b) What can you say about such a series?
(c) What is a conditionally convergent series?

7. (a) If a series is convergent by the Integral Test, how do you
estimate its sum?

TRUE-FALSE QUIZ

10.

11.

12.

(b) If a series is convergent by the Comparison Test, how do
you estimate its sum?

(c) If a series is convergent by the Alternating Series Test, how
do you estimate its sum?

. (a) Write the general form of a power series.

(b) What is the radius of convergence of a power series?
(c) What is the interval of convergence of a power series?

. Suppose f(x) is the sum of a power series with radius of

convergence R.

(a) How do you differentiate f? What is the radius of conver-
gence of the series for f'?

(b) How do you integrate f? What is the radius of convergence
of the series for [ f(x) dx?

(a) Write an expression for the nth-degree Taylor polynomial of
f centered at a.
(b) Write an expression for the Taylor series of f centered at a.
(c) Write an expression for the Maclaurin series of f.
(d) How do you show that f(x) is equal to the sum of its
Taylor series?
(e) State Taylor’s Inequality.

Write the Maclaurin series and the interval of convergence for
each of the following functions.
(@ 1/(1 = x) (b) e

(d) cosx (e) tan"'x

(c) sinx
() In(1 + x)

Write the binomial series expansion of (1 + x)*. What is the
radius of convergence of this series?

Determine whether the statement is true or false. If it is true,
explain why. If it is false, explain why or give an example that
disproves the statement.

1. If lim, .~ a, = 0, then X a, is convergent.

—sinl

. The series >,— n is convergent.
. Iflim, . a, = L, then lim, .. a»,+1 = L.
If X ¢,6" is convergent, then 2 ¢,(—2)" is convergent.

If = ¢,6" is convergent, then = ¢,(—6)" is convergent.

. The Ratio Test can be used to determine whether X 1/n?
converges.

[

. The Ratio Test can be used to determine whether = 1/n!
converges.

9. If 0 < a, < b, and 2 b, diverges, then X a, diverges.

. If 2 ¢,x" diverges when x = 6, then it diverges when x = 10.

S V|

10. > Sl
— n! e

1. If =1 < a <1, then lim, .. a" = 0.

12. If = a, is divergent, then 2 | a, | is divergent.

13. If f(x) = 2x — x> + $x° — - - converges for all x,
then f"(0) = 2.

14.

15.

16.

17

If {a,} and {b,} are divergent, then {a, + b,} is divergent.
If {a,} and {b, } are divergent, then {a,b,} is divergent.

If {a,} is decreasing and a, > 0 for all n, then {a, } is
convergent.

. Ifa, > 0 and = a, converges, then = (—1)"a, converges.
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18. If a, > 0 and lim, . (a,+1/a,) < 1, then lim, .. a, = 0.
19. 0.99999 ... =

20. If lim a, = 2, then lim (a,+3

EXERCISES

- an)

=0.

21.

22,

CHAPTER 11 Review 825

If a finite number of terms are added to a convergent series,

then the new series is still convergent.

If > a,=Aand X, b, = B, then >, a,b, = AB.

n=1 n=1 n=1

1-8 Determine whether the sequence is convergent or divergent.
If it is convergent, find its limit.

] 2 +nd
e Ay = =7
1+ 2n?

i
3. a, = 3
1 +n
nsinn

5. a,= —
n-+1

7. {1 + 3/n)*"}

9n+1
10"

a, =

a, = cos(nw/2)

g = nn
n \/;
{(=10)7/n}

9. A sequence is defined recursively by the equations a, =
@, = +(a, + 4). Show that {a,} is increasing and a, < 2
for all n. Deduce that {a,} is convergent and find its limit.

10. Show that lim,—. n'e~

= 0 and use a graph to find the

smallest value of N that corresponds to ¢ = 0.1 in the pre-

cise definition of a limit.

11-22 Determine whether the series is convergent or divergent.

1M. > ———
13. 3 =
15. >

cos 3n
17.

M s

1+ (1.2)"

19. >

20. >,

21. i (=11 P

22, >

12.

14.

16.

18.

son?+ 1
2

n=1 n +1

23-26 Determine whether the series is conditionally conver-
gent, absolutely convergent, or divergent.

23. > (=)' 24. 2 (="'
n=1 n=1
25, 3 S+ D3 6. 3 C (=)n
. o D2n+l * = Inn
27-31 Find the sum of the series.
(3" ;
27. 28.
,,21 23m g (n + 3)
29, i [tan™'(n + 1) — tan"'n]  30. 2 Clm?
n=1 32"(2 )'
e 2 e 3 €4
31. 1 — e +’EE? _'?;? +-:I? — ..
32. Express the repeating decimal 4.17326326326 ... as a
fraction.
33. Show that coshx = 1 + x> for all x.
34. For what values of x does the series ;- (In x)" converge?
= (—1)nt!
35. Find the sum of the series >, correct to four decimal
places. n=l
36. (a) Find the partial sum s5 of the series 2;—; 1/n° and esti-
mate the error in using it as an approximation to the sum
of the series.
(b) Find the sum of this series correct to five decimal places.
37. Use the sum of the first eight terms to approximate the sum of

38.

39.

the series >;—, (2 + 5")~'. Estimate the error involved in this
approximation.

n"

(a) Show that the series E ! is convergent.
n=1
b) Deduce that hm —
(b) (2n),
Prove that if the series 2,-; a, is absolutely convergent, then
the series

i(n-i—l)

is also absolutely convergent.
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40-43 Find the radius of convergence and interval of conver-
gence of the series.

: X" o (x+2)"
40. —-1)" 41. —_—
"21 ( ) n25n ngl n4n
S 2M(x = 2) & 2" (x — 3)"
42, —_ 43. ——

44. Find the radius of convergence of the series

45. Find the Taylor series of f(x) = sin x ata = 7/6.

46. Find the Taylor series of f(x) = cos xata = /3.

47-54 Find the Maclaurin series for f and its radius of conver-
gence. You may use either the direct method (definition of a
Maclaurin series) or known series such as geometric series,
binomial series, or the Maclaurin series for e*, sin x, tan”'x,
and In(1 + x).

x2

1+ x

47. f(x) = 48. f(x) = tan '(x?)

49. f(x) = In(4 — x) 50. f(x) = xe*

51. f(x) = sin(x*) 52. f(x) = 10"

53. f(x) = 1/3/16 — x 54, f(x) = (1 — 3x)7

Y
K

X

e . . .
55. Evaluate f — dx as an infinite series.
X

56. Use series to approximate f(') V1 + x* dx correct to two deci-
mal places.

57-58
(a) Approximate f by a Taylor polynomial with degree n at the
number a.

(b) Graph f and T, on a common screen.

(c) Use Taylor’s Inequality to estimate the accuracy of the
approximation f(x) = T,(x) when x lies in the given interval.

(d) Check your result in part (c) by graphing | R,(x) |.

57. f(0) =+x, a=1, n=3, 09<x<1.
58. f(x) =secx, a=0, n=2, 0sx<m/6

59. Use series to evaluate the following limit.

sinx — x

lim 3

x—0 X
60. The force due to gravity on an object with mass m at a
height /& above the surface of the earth is

mgR>

F=®+ne

where R is the radius of the earth and g is the acceleration due

to gravity for an object on the surface of the earth.

(a) Express F as a series in powers of /1/R.

(b) Observe that if we approximate F by the first term in the
series, we get the expression F' = mg that is usually used
when £ is much smaller than R. Use the Alternating
Series Estimation Theorem to estimate the range of val-
ues of & for which the approximation F = mg is accurate
to within one percent. (Use R = 6400 km.)

61. Suppose that f(x) = =,—o ¢,x" for all x.
(a) If fis an odd function, show that
C0262:C4:"':0
(b) If f is an even function, show that
C]:C3:C5:"':O

62. If f(x) = ¢*", show that /*"(0) = ~—
n.

Copyright 2016 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s).
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it.



Problems Plus

+2
) EXAMPLE Find the sum of the series E 2"
Before you look at the solution of the 0 (n+ 3)!°

example, cover it up and first try to
solve the problem yourself. SOLUTION The problem-solving principle that is relevant here is recognizing some-

thing familiar. Does the given series look anything like a series that we already know?
Well, it does have some ingredients in common with the Maclaurin series for the expo-
nential function:

x" x? x3
=1+x+—=—+ ==
o n! 2! 3!

I
=

I
Ms

n

We can make this series look more like our given series by replacing x by x + 2:

(x+2) (x+2)2+(x+2)3+

2! 3!

=14+ x+2)+

But here the exponent in the numerator matches the number in the denominator
whose factorial is taken. To make that happen in the given series, let’s multiply and
divide by (x + 2)*:

(x+2)" 1 o (x + 2

S+ x+2)° S (n+3)

(x + 2)° . (x + 2)* +]
3! 4!

=(x+ 2)3[

We see that the series between brackets is just the series for e*"* with the first three
terms missing. So

= E;C er 3‘ (et 2)3[6M — 1= (x+2) - (xz+_|2)] m

Problems 1. If f(x) = sin(x?), find £"9(0).

2. A function f is defined by

2n_1

() = lim =

n—w x4 1
Where is f continuous?

P, 3. (a) Show that tan %x = cot%x — 2 cot x.
8 I (b) Find the sum of the series

= X
,gl 2" 2"

P
’ 4. Let {P,} be a sequence of points determined as in the figure. Thus| AP, | = 1,

FIGURE FOR PROBLEM 4 | P,P,1| = 2"', and angle AP, P, is a right angle. Find lim, .. ZP, AP, 1.
827
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FIGURE FOR PROBLEM 5

5.

10.

To construct the snowflake curve, start with an equilateral triangle with sides of length 1.
Step 1 in the construction is to divide each side into three equal parts, construct an equi-
lateral triangle on the middle part, and then delete the middle part (see the figure). Step 2
is to repeat step 1 for each side of the resulting polygon. This process is repeated at each
succeeding step. The snowflake curve is the curve that results from repeating this process
indefinitely.

(a) Let sy, L, and p, represent the number of sides, the length of a side, and the total length
of the nth approximating curve (the curve obtained after step n of the construction),
respectively. Find formulas for s,, /,, and p,.

(b) Show that p, — ® asn — ©,

(c) Sum an infinite series to find the area enclosed by the snowflake curve.

Note: Parts (b) and (c) show that the snowflake curve is infinitely long but encloses only a
finite area.

. Find the sum of the series

1 1 1 1
1+ —+—+—+—+

1 1
273 4 6 8

1
-t —+-
9 12

where the terms are the reciprocals of the positive integers whose only prime factors are 2s
and 3s.

. (a) Show that for xy # —1,

X—y
1+ xy

arctan x — arctan y = arctan

if the left side lies between —/2 and /2.
(b) Show that arctan {39 — arctan 535 = /4.
(c) Deduce the following formula of John Machin (1680—1751):

4 arctan * — arctan 505 = T
5 2397

(d) Use the Maclaurin series for arctan to show that

0.1973955597 < arctané < 0.1973955616

(e) Show that
0.004184075 < arctan 535 < 0.004184077

(f) Deduce that, correct to seven decimal places, 7 =~ 3.1415927.

Machin used this method in 1706 to find 7 correct to 100 decimal places. Recently, with
the aid of computers, the value of 7 has been computed to increasingly greater accuracy.

In 2013 Shigeru Kondo and Alexander Yee computed the value of 7 to more than 12 trillion
decimal places!

. (a) Prove a formula similar to the one in Problem 7(a) but involving arccot instead of

arctan.
(b) Find the sum of the series X;—, arccot(n’> + n + 1).

. Use the result of Problem 7(a) to find the sum of the series 3, arctan(2/n?).

Ifag + a, + a, + --- + a; = 0, show that

lim (am/;-i-an/n-i-l-i-az n+2+-'-+ak\/n+k)=0

If you don’t see how to prove this, try the problem-solving strategy of using analogy (see
page 98). Try the special cases k = 1 and k = 2 first. If you can see how to prove the asser-
tion for these cases, then you will probably see how to prove it in general.
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FIGURE FOR PROBLEM 15
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FIGURE FOR PROBLEM 18

11.

12,

15.

16.

17.

18.

19.

20.

= 1
. Find the sum of the series >, 1n<l - 2).

Find the interval of convergence of =, n°x" and find its sum.

Suppose you have a large supply of books, all the same size, and you stack them at the edge
of a table, with each book extending farther beyond the edge of the table than the one
beneath it. Show that it is possible to do this so that the top book extends entirely beyond
the table. In fact, show that the top book can extend any distance at all beyond the edge of
the table if the stack is high enough. Use the following method of stacking: The top book
extends half its length beyond the second book. The second book extends a quarter of its
length beyond the third. The third extends one-sixth of its length beyond the fourth, and so
on. (Try it yourself with a deck of cards.) Consider centers of mass.

n=2 n

. If p > 1, evaluate the expression

111
I+ —+—+—
217 3P 4P
T
-t~

Suppose that circles of equal diameter are packed tightly in n rows inside an equilateral tri-
angle. (The figure illustrates the case n = 4.) If A is the area of the triangle and A, is the
total area occupied by the n rows of circles, show that

A, T

lim =
n—"

A 23

A sequence {a, } is defined recursively by the equations
ap=ar=1 nn—Da,=n—Dn— a1 — (n — 3)a,

Find the sum of the series 2,—¢ d,.

If the curve y = ¢ /19 gin x, x = 0, is rotated about the x-axis, the resulting solid looks like

an infinite decreasing string of beads.

(a) Find the exact volume of the nth bead. (Use either a table of integrals or a computer
algebra system.)

(b) Find the total volume of the beads.

Starting with the vertices Py(0, 1), Pa(1, 1), P5(1, 0), P4(0, 0) of a square, we construct

further points as shown in the figure: Ps is the midpoint of P, P,, P is the midpoint of

P, Ps, P is the midpoint of P;Ps, and so on. The polygonal spiral path P, P,P3P4sPsPsP . ..

approaches a point P inside the square.

(a) If the coordinates of P, are (x,, y,), show that %xn + Xp+1 + X2 + X443 = 2 and find a
similar equation for the y-coordinates.

(b) Find the coordinates of P.

% (_ l)n

Find th f th i .
ind the sum of the series z} o+ D3

Carry out the following steps to show that

1 1 1 1
+ + + +.-=1In2
1-2 3-4 5-6 7-8

(a) Use the formula for the sum of a finite geometric series (11.2.3) to get an expression for

1 —x+x2=x3+ o+ x¥2— x!

829
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(b) Integrate the result of part (a) from O to 1 to get an expression for

1 1 1 1 1
l—-—+———+ .+ — = —
2 3 4 2n — 1 2n
as an integral.
(c) Deduce from part (b) that
1 1 1 1 1 dx

(! 2n
<J x"dx
0

+ +o+ -
1-2 3-4 5-6 2n — 1)(2n) 01 +x

(d) Use part (c) to show that the sum of the given series is In 2.

21. Find all the solutions of the equation

[Hint: Consider the cases x = 0 and x < 0 separately.]

22, Right-angled triangles are constructed as in the figure. Each triangle has height 1 and its
base is the hypotenuse of the preceding triangle. Show that this sequence of triangles makes
indefinitely many turns around P by showing that X 0, is a divergent series.

23. Consider the series whose terms are the reciprocals of the positive integers that can be writ-
ten in base 10 notation without using the digit 0. Show that this series is convergent and the
sum is less than 90.

24, (a) Show that the Maclaurin series of the function

FIGURE FOR PROBLEM 22 x »
fx) = FE—— is 2 fx"
X —x n=1
where f, is the nth Fibonacci number, thatis, fi = 1, = 1, and f, = fo-1 + fi—2
forn = 3. [Hint: Write x/(1 — x — x*) = ¢y + c1x + c,x* + - -+ and multiply both
sides of this equation by 1 — x — x?.]
(b) By writing f(x) as a sum of partial fractions and thereby obtaining the Maclaurin series
in a different way, find an explicit formula for the nth Fibonacci number.

x3 X6 x9
25, Let u:1+§+a+a+...
v=x+x—4+£ ﬂ
4! 7! 10!
XZ XS XS
TR TR T

Show that u® + v* + w® — 3uvw = 1.

26. Prove thatif n > 1, the nth partial sum of the harmonic series is not an integer.

Hint: Let 2 be the largest power of 2 that is less than or equal to n and let M be the product
of all odd integers that are less than or equal to n. Suppose that s, = m, an integer. Then
M?2Fs, = M2"m. The right side of this equation is even. Prove that the left side is odd by
showing that each of its terms is an even integer, except for the last one.
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Each of these gears has the
shape of a hyperboloid, a type
of surface we will study in
Section 12.6. The shape allows
the gears to transmit motion
between skew (neither
parallel nor intersecting) axes.

Vectors and the
Geometry of Space

IN THIS CHAPTER WE INTRODUCE vectors and coordinate systems for three-dimensional space.
This will be the setting for our study of the calculus of functions of two variables in Chapter 14
because the graph of such a function is a surface in space. In this chapter we will see that vectors
provide particularly simple descriptions of lines and planes in space.
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